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ADbstract

We describe a branch and bound algorithm for an assignment problem subject to a sppécial set
side constraints. The problem has application in the design of tool carfmusedstainflexible
manufacturing systems. The resulting model represents a speciaf taseestrictedfacilities

layout problem in which it i$orbiddento locateany facility in certainzones. The boundsfor

the algorithm are generated by relaxing the swmigstraintsand using the Hungarianmethodto

solve the resulting assignment problem. Partitioning in a mammeéar to subtourelimination

for the travelling salesman problem leads to encouraging computational results.
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1. I ntroduction

For a flexible manufacturingystemtools will frequentlybe locatedin a carouselasshownin
Figure 1. The carouselhasa given numberof pockets, of equal area, located around its
perimeter into which tools are to be located. We now make three assumptions:

» the pockets are all of unit area and the tools are of various (integral) areas;

« itis forbiddento locateany toolsin certainpockets(denotedin Figure 1 by hatchedareas)
for technical reasons;

» thetotal areaof the setof tools to be locatedis no greaterthan the numberof available
pockets.

An adjacency rating is known for each pair of tools, representing the desirabilitlyethat
pair be located in adjacent pockets in the carousel. The problem we will consider is:

assign all tools to the pockets (with each tool occupying a continuous sequence of

pockets equal to its area) so that the sum of the adjacency ratings of tools is a

maximum.

Other modelsof tool carouseldesignfor flexible manufacturingsystemshave been
discussed by Wilson [9] and Foulds and Wilson [4].

It shouldbe notedthatif thereareno forbiddenzonesin the problemit reducedo the
travelling salesman problem (TSP) whereas if it has exactly one forbidden zone it redbees to
TSP path problem (i.e. one whetes not necessaryo returnto the startingcity). Hencethe
problem is NP-hard (see for instance Garey and Johnson [5]).

The problem to be discussed in thegpercan be formulatedas an assignmenproblem
with a particularsetof side constraints. The contribution of this paperis: to show that the
problem is a special case of the restricted facilities layout problem with forbidden lotaies
and to report on computationalexperiencein solving the model by a branch and bound
algorithm. In the next section we introduce a model of the tool carousel design problem.

2. A Model



Consider the assignment of toolsthe pocketsof a flexible manufacturingsystemof the type
shown in Figure 1.

1. The pockets of a circular tos 1set with forbidden zones hatched.

As can be seen from Figure 1 there are m sequences of agjackats,eachseparatedn turn
by aforbiddenzone. The pth suchsequences calledthe pth slot andcomprisesA, pockets.
Let the forbidden zones be numbered 1,2, ... ,m. We assumetbar®olsto be locatedin
the slotsandthat the ith tool mustoccupya contlnuoussequence)f a pocketsin exactly one

slot,i =1, 2, ..., n. We shall alsoassumehat there exists a feasibleallocation of tools to
slots.
We further assume that the problem to be descrildgalansced in the sense that
n m
Za = ZAD : (2.1)
=1 p=1

If the right hand side of equation (2.1) is strigjieaterthanthe left handside thenwe
introduce dummy tools each requiring one slot to fill empty slots.

There is ardjacency rating r; (i=1, 2,..., n;j = i+1, i+2, ..., n). It is consideredo
be
a measure of the suitability of locating tools i and j adjacently isdh@eslot in sucha manner
that one of the pockets in which tool i is located and one of the pockets in which tochiésl
are consecutiven the pocketnumbering. The pocketwith the lower number(and hencethe
tool located in it) will be described asmediately to the left of the highernumberedoocket. It
will be advantageous if eertaintool is immediatelyto the left of anotheronewhenit wasthe
previous one to be used in the production cycle. The forbidden zones will suffitiesakup
the advantagesf adjacencythat a tool immediatelyto the left of a forbiddenzone and a tool
immediatelyto the right of the sameforbiddenzonewill have zero adjacencyadvantage. In
addition, it can be assumedhat pocketsare numberedso that a forbiddenzonelies to the
immediate left of pocket 1.

The higher the value of thenating, the morelesirableit is consideredo locatetoolsii
and jadjacently. (The adjacencyratingsdefinedbetweendummytools n+1, n+2, ..., if they
exist, and all other tools are defined to be zero, but in what follows we assurietbate no

such tools. The objective is to locate all the n tools in the slots so as to maximise thehgim of

adjacency ratings of pairs of tools which are located in adjacent pocketisis €adwe define
the decision variablesuch that:

0 1, iftooliis located immediately to the left of tool j, and
X: = U
0 0, otherwise,

( i=1,2,..,n; j=1,2,...,n;4))
Then the objective is to

Maximise Z(X) = Z Zr” X (2.2)
=1 |=1

Objective (2.2) is constrained by: each tool can be immediately to the left of at most one

other tool, i.e.



n
X; <L i=12...,n (2.3)
i=1
Each tool can have at most one other tool to its immediate left, i.e.

X; <1, ]=12,...,n (2.4)
i=1

Two further conditions are also required.

€) Because we assume the problem is balanced, to each slot p, say, must
be allocated tools whose total number of pockets; is A

(b) If tool i is immediately to the left of tool j and tool I is in slot p, then

tool j must be in slot p and if tool i is immediately to the left of tool |

and tool i is not in slot p, then tool j cannot be in slot p.

The modelling of (a), and (b), will give rise to further linear constraintsand binary
decision variables,which will not be presentedas they will be relaxed in a subsequent
formulation and not required in explicit form.

Thus the problem is to maximise objective (Z@pjectto constrainty2.3), (2.4), and
conditions (a), and (b). Wermthis Problem 1. Onreferringto Figurel it canbe seenthat
this problem is a facilities layout problem in whieachtool represents facility andthe setof
pocketsrepresentshe areain which they areto be laid out. Recentwork on facilities layout
modelsandtechniquehasbeensurveyedby Heregu[7] andby Foulds[2]. The problemat
hand represents a special case of those just referenced in thatésisencepne dimensional,
and involves theestrictionthat the placemenbf facilities in certainzonesis forbidden. Such
restrictedfacilities layout problemshave been analysedby Foulds and Hamacher[3], and
Hamacher and Nickel [6]. We now go on to devise a branclvanddalgorithmfor Problem
1. It should be noted that, the constraintsof Problem1 wereto be formulatedas an integer
programming model, several thousand constraints would be regwead n takesa valueas
small as 10. Such a model would be hard to solve in reasonable computational time.

3. A Branch and Bound Algorithm

Problem 1 can be transformed into an assignmetilemwith side constraintsandwe show
how to devise a branch and bound algorithm for it. We now augmentProblem 1 with
additionalvariablesand provide valuesfor certainr; ratings. Further,to associatewith tools
placedin the last (highestnumbered)pocketof a slot, we introducea dummy tool into each
forbidden zone, and we introduce additional variables

Xij» i=1,2,..,n j=n+1 .,n+mandi=n+1,..,n+m;
j=1,2,..,n
such that
Xin = 1, (1 k< m) if tool i is to the immediate left of forbidden zone k,
= 0, otherwise,
and
Xosk, = =1 (1= k< m) if forbidden zone k is to the immediate left of tool |,
= 0, otherwise.
We further define
r,=-M,i=n+1,..,n+m,
I =0,i=1,2,..,n; j=n+1 ...,n+m

andl—n+1 n+m;j:1,2,...,n
andrj—-M |—n+1, wonN+m; j=n+1, ..., n+m,
where M is an arbitrarily large number.

The additional x variablesare introducedinto (2.2), (2.3), and (2.4), but are not
involved in conditions (a), or (b) of Section2 and causethe generationof m additional
constraints in each of (2.8nd(2.4). By removingconstrainta), and (b) andreplacingthe
inequalities in (2.3) and (2.4) by equations, Problem 1 becomes:

Problem 2

n+mn+m

Maximize Z(X) = Z Zrij X (3.1)



subject to

n+m

Z&j =1,j=1,2,..,n+m, (3.2)
1=1

ZXU =1,i=1,2,..,n+m, (3.3)
X; = Qorl,i=1,2,...,n+m; j=1,2, .., n+nF)i (3.4)

This is the classmalASS|gnmentProbIem which can be solved efficiently by the
Hungarian method, first devised by Kuhn [8]. Solutions to this relprkelolemact asbounds
in the branchand bound algorithmto be explained. Theseboundsare calculatedas follows.
Figures 2 and 3 illustrate a simple tool problem and its solution, denoted by X'.

5 6
2. A 2 slot 4 tool problem with &5, A=4, a=2, 8=3, 3=2, 3=2, shown as a strip.
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3. Non-zero occurrences of ¥or 2 slot 4 tool problem.

Consider a solution X. If x’= 1 in X', thenwe saythattoolsi andj arein the same
adjacency set (1< 1, j < n) and hence must both be assigned tsémeslot. A tooli (1<i <

n) for which x; =0forj=1,2,..,nand x'=1 for some £ {n + 1, ..., n + m} will not be
adjacent to any other tools and will be assigteea single adjacencysetcomprisingitself, and
will be the only tool assigned to a particular slot. There will beastm adjacencysetsin any
solution X’; exactly m are required of a solution to Problem1. This notion providesa
partitioning procedure for a branch and bound proced8tgposeX’ produceghe adjacency

sets: §, p=1,2, ..., m, say. The numberof pockets,N , requiredin total by the tools of
each Scan be calculated as:
N, = zai ,p=1,2, .., m. (3.5)
If the N's can be renumbered as say, NN', , ..., N'_, so that
N_=A.p=1,2 (3.6)

then a féasible solution to Problem 1 has been identified, as condition (a) of Section 2
will be satisfied. This is because of (3.6) and the fact that the satisfaction of constraints (3.2)
and (3.3) by X" imply that constraints (2.3) and (2.4) will be satisfied, respectively. It will be
convenient to assume, without loss of generality,
N' =N ,and A=A, p=12..,m-1
Thus if (3.6) does not hold there must exist at least one adjacency set, the gth say, for

which
N',>Aforp=q+1,..,m (3.7)

Suppose that the [}Ifdentrfred corresponds to the values:
Xij, = Xii, == Xi i, =1 all other xj = 0, in N, .

That is, tools j i, ..., |4, i, areto be aIIocatedto aslot, in that order, with i, located
first, with i, adjacentto it, i, next, andi, locatedlast. Unfortunately the total number of
pockets required by this set of totdsgreaterthanthat for any slot. Thusit is impossiblefor
this setof tools to compromisean adjacencyset. This leadsto a valid partition of the set of
feasiblesolutionsto Problem1 representedy the node N, say, in the branch and bound
decisiontree representedy X' as follows. A branchis madefrom node N, where the
variables in Problem 2 are at the values given by X', but with the following variable set:

node N + 2%, =Y where s is chosen such that
r,, =min(r; t=12,..,0-1),

providedXii.. has not already bedixed at nodeN or oneof its predecessorsNode

N+ 1 has *i. setto 1. Nodeswith highernodenumberswill be developedeforenodes

with lower node numbers.
This partitioning procedure is illustrated in Figure 4.

N +2 N+1



Xis is+1 = O Xis ls+1 = 1

4. Branching on variabl¥; i , from node N

If thereare morethanm adjacencysets,thosethat containa subsetof tools, none of
which are immediatelyto the left of any forbiddenzone, are identified. Each such set is
identified as N; in turn, and the index s is chosen which corresptmttze minimal adjacency
value over all suchsets. The partitioning then proceedsas set out above, but two further
elaborations are introduced.

First

At any branch of the tree it may be true that for some values df 2=..., m, N’ = A, thus
partially satisfying(3.6). Thenas soon as the stepthat involves (3.7) is used, thereis the
possibility that the set of values of p for which, H'A; will change. For thiseasona branch-
and-fix phasehasbeenintroducedinto the algorithmto fix a subsetof toolsin a slot at some
node.

If it turns out that particular “fixes” generate descendantsraideleadingto infeasible
or boundedsolutions,then the correspondind‘unfixed” part of the branch and bound tree
remains unexplored and available to possibly yield a feasible or optimal solutiorcomtplete
problem.

Second

It was found useful to introduce the following fathoming test to detect when “fixvwaglikely
to become too restrictive on further development of the branchamtitree. At eachnodea
recordis kept of any region A which is being“fixed” at that node. Thus correspondingo
each node there will be a set of regionsvhich are not fixed. Similarly, becausetbé fixing
of x variables at nodes, there wik a setof tools at eachnodewhich havenot beenallocated
(fixed). The testis:
at node N, if the number of unallocated tools which require an odd number of pockets
is smaller than the number of unfixed slots which contain an odd number of pockets,
then node N is fathomed.

4. Example

Consider the following example with m=3, n=8 ang6, A,=5, A;=5.
(3 2 4 1 1 3 1 1).

a=
U
-M 17 -M 28 23 17 66 38 Vv
* -M 49 94 30 40 10 33 j
* * -M 49 31 -M 67 23 y
r= * * * .M 15 69 84 32 v
x %+ % x .M 27 30 55 @V
* * % *  * M 14 99 v
* * * * * * _M 94 5
* * * * * * * .M v
U
The following is the sequence of nodes explored.
N P dltl (size) slt2 slt3 slt4 slt5 sol action decision
(size) (size) (size) (size n

0 - 3,705 1(3) 5(1)  6,8(4) ;2,4(3 453 ;ix(3,7,10



2 0 3,705 1(3)
4 2 3,7(5) 1(3)
6 4 3,705 1(3)
8 6 3,705 5,2,4(4
10 8 2,4,6,8,5(8) ?’3,7(5)
12 10 2,4,6,8,1(10 3,7(5)
14 12 ?’3,7(5) 1(3)
16 14 5,2,4,6,8(8) 3,7(5)
18 16 2,4,6,8(7)  3,7(5)
20 18 2,4,1(6) 3,7(5)

5(1)
5(1)
5(1)
1(3)

1(3)
5(1)

5(1)
1(3)

1,5(4)
)5,6,8(5

6,8(4)
6,8(4)
6,8(4)
6,8(4)

)2,4,6,8(7

2,4(3
)2,4(3

)
2,4(3
)

453
453
453
389

384
367

362
359

352
315

fixed(3,7)
fixed(7,10)
fixed (10,3)
unfixed(4,2)

unfixed(8,6)
unfixed(8,5)

unfixed(8,1)
unfixed(8,2)

unfixed(5,2)
unfixed(4,6)

Backtracking now commences until optimal solution found.

108 106 )2,4,6(6 3,5(5) 1,7,8(5)

354

Then optimality is established in a total of 142 nodes.

Key:

N

P

soln.

unfixed

fixed

(size)

slt1,slt2, ...,slt5

setto O
setto 1

node number
preceding node in tree
current solution value

total size of tools allocated to the slot
tools assigned to slots 1-5

break slt4
or slt5
break slt4

break sltl
break sltl

break slt4

break sltl
break sltl
feasible
solution

It should be noted that only slots 1,2 and 3 are genuine slots and slots 4 and 5, if occupied,

contain a cycle.



5. Computational Experience

The algorithm described in Section 3 was programmed in FORTRAN 7implementedon a
Honeywell Series 9000 computer. The assignment algorithm used to solve the peténkerch
was the version of Burkard and Derigs [1]. One typical problem to be solved Hatlawing

specifications m = 10, n = 2§ A = 70 and was solved at node num#éB7, with optimality
proved at node 4729 in a total of 23.6 CPU seconds.

A set of similar problems with the dimensions m =i6; 30 wasrandomlygenerated
as follows. Data values were chosen randomly from uniform intigeibutions. Eachvalue
of r; was chosenfrom the distribution (10,99), eachvalue of A from the distribution (5,10)
and each value of tom the distribution (2,5). Only results f&asibleproblemsare reported
and a limit of 20000 branchand bound nodeswas set. Table! summariseghe resultsof
testing 16 problems. On averagigg problemsrequiredabout8000 nodesand 50 secondf
CPU time. In Table | the problems are divided into feetisaccordingto the variability of the
g or A, values. L indicatesproblemsfor which the standarddeviation, S1, of the g values
(respectively S2 for A, values)was on or below the medianof the problemstestedand H
indicatesproblemsfor which S1 (S2 respectively)was abovethe median. From Table |, it
appears that problems with less variability inadues convergenore rapidly to a solutionthan
those problems with higher variability.

Table | Performance of test problems
nodes to optimal solution  nodes to completion CPU seconds
S1 S2 lowest  highest lowest highest lowest highest
L L 49 13109 87 13747 0.4 78.5
L H 49 13781 93 14963 0.4 83.9
H L 8309 12045 12999 18107 80.7 103.2
H H 2923 14297 3299 17869 13.7 105.3

7. Summary and Conclusions

We have described a problem in the design of tool carousels for flexdniafacturingsystems
and modelled it as a zero-one integer programmingel. We showedhow the modelcanbe

transformedinto an assignmenproblem subjectto a particular set of side constraints. We

detaileda branchand bound algorithm for this problem. The boundsfor this problem are

calculated by relaxing the side constramusl solving the resultingassignmenproblemby the

Hungarianmethod. Partitioningin the algorithmis carried out in a mannerakin to subtour
elimination forthe travelling salesmarproblem.The algorithmis capableof solving problems
of small to moderate size in reasonable computing time.
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