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Abstract
TheSymmetricTravelingSalesmanProblemisposedinArthanari[?],asa

MultistageInsertionproblem.The0¡1programmingformulationofthesameis
giveninthreesubscripted variables, X.Theslackvariables, u,thatariseoutofthis
formulationareprecisely theedge-tourincidencevectors.Inthispaperweconsider
theLPrelaxation ofthisformulationandshowthatiftheXvariablesfurthersatisfy
certainpolyhedralinequalities (calledstar-inequalities )thenu,correspondingto
X,isintheconvexhulloftours,Qn.Illustrativ eexamplesaregiven.Itisshown
inasequaltothiswork,thatgivenauinthesubtourelimination polytopeand
acorrespondingXfeasibletotheabovesaidLPrelaxation, itcanbeverifledin
polynomialtimeinn,numberofcities, whetherXsatisflesthestar-inequalities.
Anyviolatedstar-inequalit ycanbefoundotherwise.

1Introduction

TheSymmetricTravelingSalesmanProblem(STSP)istoflndaminimumcosttour
thatstartsfromthehomecityandvisitseverycityinagivensetofcitiesonceand
returnsbacktothehomecity.Beingoneofthetypicalcombinatorial optimisation
problems(COP)ofthe‘Hard’kind,itisextensivelystudied.(J̃ungeret.al.[?])
Dantziget.al.[?]formulatedtheAsymmetricTravelingSalesmanProblemasa0-1
linearprogramonagraph(V;E).Theirformulationforthesymmetriccasegives
risetothestandardSubtourEliminationPolytopeSEPn.Arthanari[?]posedthe
SymmetricTravelingSalesmanProblem(STSP)asamultistagedecisionproblem
andgavea0¡1programmingformulationofthesame,involvingthreesubscripted
variables.Theslackvariablesthatariseoutofthisformulationarepreciselythe
edge-tourincidencevectors.Multistagedecision(dynamicprogramming)approach
toTSPisnotnew.Howevertheearlierformulationsaredifierentfromthatof[?].
In[?]thisformulationisshowntoyieldtheSEP(n).Therebyreducingthenumber
ofconstrain tstoapolynomialinn.Recently,Carr[?]hasgivenanequivalent
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relaxation called, CycleShrink,totheSEPn.Healsousesthisrelaxation toseparate
inpolynomialtime,overclassesofSTSPinequalities. Itisnowknownthatthe
cycleshrinkrelaxation isconceptually sameasmultistage insertion. [?]

Inthispaperweaddressourselvestotheproblemofcheckingwhetheragiven
u2SEPnisintheSTSPpolytopeQn.Insection2preliminaries andnotations
areexplained.Section2.1dealswithMIformulation.Theproblemofflnding
maximal°owthroughanetwork,eminentlystudiedbyFordandFulkerson[?],
formsanimportanttoolinthesubsequentsections.Withthisinview,section2.3
addressesGale’stheoremandrelatedissues.Section3givesthemainresultsofthis
paper.Star-inequalities aredeflnedanditisshownthatifthereexistsaXsuch
that(X;u)isfeasiblefortheMIrelaxationandXsatisflesthestar-inequalities
thenu2Qn.Illustrativ eexamplesaregiven.Theconcludingsection,Section
5,examinestheconsequencesofthemainflndingsandindicatesthedirectionof
furtherresearchregardingthecomplexityofthesuggestedapproach.

2Notations&Preliminaries

Letnbeaninteger,n‚3.LetVn=f1;:::;ngbethesetofvertices.Let
En=f(i;j)ji;j2Vn;i<jgbethesetofedges.Wealsocallthempairs.Let
Kn=(Vn;En)denotethecompletegraphonnvertices.

WedenotetheelementsofEnbyewheree=(i;j).Wealsousethenotationij
for(i;j):ForasubsetF‰Enwewritethecharacteristic vectorofFbyxF2R

jEnj

where

xF(e)=

(
1ife2F
0otherwise

Attimes,wedenotethecharacteristic vectorby_F.IfF‰Er‰En,r•n,
then_F2R

jErj
.Wealsouse_Ftodenotetheextensionof_FtoR

jEnj
,byaugmenting

_Fwithzeroforeverye2EnnEr.
LetG=(V;E)beasubgraphofKn,thatis,V‰VnandE‰f(i;j)2

Enji;j2Vg:GivenaGraphG=(V;E),forasubsetS‰Vwewrite

E(S)=fijjij2E;i;j2Sg:

LetforanysubsetSofverticesofV,–(S)denotethesetofedgesinEwith
oneendinSandtheotherinS

c
=VnS:

Wesayi2Vhasdegreerifcardinalit yof–(i)=r:
AsubsetHofEiscalledaHamiltonianCycleinG,incase,itistheedgeset

ofasimplecycleinG,oflengthjVj.OrG=(V;H)isasubgraphofGwhichis
connectedandeachvertexhasdegree2.Wealsocallsuchahamiltoniancyclea
jVj¡tour;inG:Givenu2R

jEnj
;F‰En,wedeflne,

u(F)=
X

e2F

u(e)=
X

(u(e):e2F)

LetQndenotetheSymmetricTravelingSalesmanPolytope,STSP,givenby

Qn=conv(H)

whereHdenotesthesetofallHamiltoniancyclesinKnorn¡tours:
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2.1MIFormulation

Letpk=k(k¡1)=2,fork2Vn:Let¿n=
Pn

k=4pk¡1:
Letxk(e)bedeflned8e2Ek¡1and8k2VnnV3:

LetXdenote(x12;4;:::;xn¡2n¡1;n)
def
=(x4;:::;xn)2R

¿n
:

Herexk=(x12;k;:::;xk¡2k¡1;k);8k2VnnV3:
LetCij;k=Cik+Cjk¡Cij;whereCisdeflnedforeache2En,thecostoftravel,

usinge.LetCdenotethevectorofCijkfor1•i<j<k&4•k•n:
Letu2R

jEnj
bedeflnedforeache2En.

Wehavethefollowingformulationfrom[?],whichwillbecalledtheMultistage
-insertionformulation(MIformulationforshort):

minimizeCX(1)

subjectto

xk(Ek¡1)=18k2VnnV3(2)
nX

k=4

xk(e)+ue=18e2E3(3)

¡xj(–(i)\Ej¡1)+
nX

k=j+1

xk(e)+u(e)=08e=(i;j)2En¡1nE3(4)

¡xn(–(i)\En¡1)+u(e)=08e=(i;n)2–(Vn¡1)(5)

X2B
¿(n)

&u2R
jEnj
+:(6)

Remark:1

†MIformulation,modelsthefollowingmultistageinsertion.Atthestart
wehavetheunique3¡tourgivenbyf(12);(1;3);(2;3)g:Wechooseatthe
(k¡3)

rd
stage,apairfromtheavailable pairsinthe(k¡1)¡tour,resulting

fromtheearlierdecisions.Wehaveann¡touratthelaststage.Thecost
ofthesedecisionsisre°ectedbytheobjectivefunction,whichgivesthetotal
incrementalcostoftheinsertions made.

†(??)ensureswith0¡1restriction onXthateachkisinsertedinexactlyone
pair.

†(??)ensuresthateachofthepairs(1;2);(1;3)and(2;3)areusedforinsertion
byutmostonek:

†(??)ensuresthateachoftheotherpairs(1;4)to(n¡2;n¡1)isusedfor
insertiononlywhentheyareavailable.

†(??)deflnesu(e)foreachofthepairs(1;n)to(n¡1;n),resultingfromall
theinsertions madeinstages1throughn¡3:

†relaxingtheintegralityrestriction in(??),wegettheMIPolytope(Fn);given
bythefeasiblesolutionstotherelaxedproblem.
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IthasbeenshownthatthisformulationisequivalenttotheDFJformulation,in
thesense,thattheu(e);e2EnfeasiblefortherelaxationofMIformulationis
feasiblefortheSEPnandgivenafeasiblesolutiontotheDFJrelaxation, wehave
an(X;u)feasible forMIformulation([?]).Noticethattheuvariablesaretheslack
variablesinthisformulation.AndminimisingC(u)isequivalenttominimising
CX,ascanbeseenfromthedeflnitionofC.

Ingeneral,letE[n]denotethematrixcorrespondingtoequation(??);letA[n]

denotethematrixcorrespondingtotheequations(??to??).LetA
(n)

denotethe
submatrixofA[n]correspondingtoxn:Let1rdenotetherowvectorofr1

0
s:Then

wecanwriterecursiv ely,

E[n]=

0

B
B
B
B
@

1p3:::00
..
.

..

.
..
.

..

.
0:::1pn¡20
00:::1pn¡1

1

C
C
C
C
A
=

ˆ
En¡10
01pn¡1

!

;

and

A[n]=

0

B
B
B
B
@

I3:::Ipn¡2Ipn¡1

¡M3:::¡Mn¡2¡Mn¡1
..
.:::0
0

1

C
C
C
C
A
=

ˆ
A[n¡1]Ipn
0¡Mn

!

whereMiistheixpinode-pairincidencematrix.

Example:2.1Considern=5,thenp4=6;p5=10;and¿n=9:LetXbegiven
by,

X
0
=(1=201=2;1=200001=2)2R

¿5
:

whereX
0
denotestranposeofX.

Xsatisflestheequalityrestriction (??)oftheMIrelaxation.Also,thecorre-
spondinguobtainedfromtherestoftheequations(??-??)is‚0:Wehave,

u
0
=

ˆ
e3
0

!

¡A[5]X=(011=21=2101=21=21=21=2):
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So(X;u)isafeasiblesolutiontotheMIrelaxation, thatis,itisinF5.The
supportgraphofuisshowninflgure1,wheretheedgeweightsareshownafter
multipling by2.

2.2Gale’sRequirementsandFATProblem

LetN=(V;A)beanarbitrarydirectednetworkwithnodesetV,andsetof
directedarcsAwithanonnegativecapacityfunctionc:A!R+.LetOand
DbedistinctsubsetsofV;Oisthesetofsources,Disthesetofsinks.Foreach
fi2O,wehaveanonnegativenumberafi,calledthesupplyatfi.Similarly ,for
eachfl2Dwehavethedemandatflgivenbyanonnegativenumberbfl.Letanon
negativenumber,ffiflcalledthe°owalongarc(fi;fl)2Abedeflnedforeacharc.
Letout(fi)=

P
(fi;fl)2Affi;fl&in(fi)=

P
(fl;fi)2Affl;fi:Actuallyin();out()aredeflned

foragivenf,butwedonotexplicitly showthisdependanceinthisnotation.Let
a(S)denotethecumulatedsupplyoversubsetS‰Oandb(S)isdeflnedsimilarly
forasubsetS‰D:ForanysubsetLofVwedenotebyc(L;„L)thecumulated
capacityofarcsfromLto„L:

Thefollowingtheoremstatesthenecessaryandsu–cientconditionsforexis-
tanceofafeasible°owinthenetworksatisfying alldemandsandnotexceeding
anysupply.

Theorem2.1(Gale’sSupply&DemandTheorem)9anfsatisfying

0•ffi;fl•cfi;fl8(fi;fl)2A(7)

in(fi)¡out(fi)=

8
><

>:

¡afi;fi2O
bfi;fi2D
0;otherwise

(8)

ifandonlyif

b(D\„L)¡a(O\„L)•c(L;„L)8L‰V:(9)

Weshallcalltheaboveinequalities (??),GaleRequirements.See([?])fora
proofofthistheorem.

WenowconsideraspecialcasewhenV=O[D&A=f(fi;fl)jfi2Oandfl2
Dg;andforeachfi2O,wedeflne,F(fi)=f(fi;fl)2Ajforsomefl2Dgcalled
theforbiddenarcsfromfi.F(fi)6=;8fi2O.LetF=[fi2OF(fi),denotetheset
offorbiddenarcs.Thefollowingproblemiscalledtheforbiddenarctransportation
problem.

(FATProblem):
Findffifl‚08(fi;fl)2AnFsuchthat
out(fi)=afi;fi2O&in(fl)=bfl;fl2D:
FATproblemisanetworkfeasibilit yproblem,withc:A!R+givenby

cfifl=

(
0if(fi;fl)2F(fi)
–otherwise

where–issu–cientlylarge,say–=max[
P

fi2Oa(fi),
P

fl2Db(fl)].Thischoiceof
capacityfunctionensuresthatthereisno°owthrougharcsbelongingtoFand
thereisnorealcapacityrestriction onthe°owthroughotherarcs.
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3MainResults

LetHkdenotethesetofallhamiltoniancyclesinKk=(Vk;Ek),for3•k•n¡1:
Wecallthem,asmentionedearlier,k¡tours:EveryintegersolutiontoMI
formulationgivesahamiltoniancycleinHandvicevesa.RecallthatFndenotes
thesetof(X;u)feasiblefortheMIrelaxation. Let(X=k)betherestriction ofX
uptothe(k¡3)

rd
stage,thatis(X=k)=(x4;:::;xk)for4•k•n;foragiven

(X;u)feasible. LetU
(k¡3)

denotetheconsequenceofthedecisionsmadein(X=k):
ThiscanbeobtainedfromtheMIrelaxation forn=kbysubstituting (X=k)inthe
equationsandsolvingfortheslackvariables. GivenaTinHk,fork2Vn¡1nV3,we
denotebyD(T),thecorresponding,fel2Ek¡1j4•l•ksuchthat;xl(el)=1g,
whereXistheintegersolutioncorrespondingtoT.D(T)iscalledthecauseofT:
Thatis,(X;_T)2Fk:

Given(X;u)2Fn;k2Vn¡1nV3,andT2Hk;wedeflne

mk(X;T)=min4•l•kfxl(el):el2D(T)g:

Letmk(X;S)=
P

T2Smk(X;T):LetS=feje2TforsomeT2Sg:Sdenotes
thesetofpairscoveredbyS:

Remark:2

†Looselyspeakingmk(X;T)overestimatestheamountof\weightattached"
by(X=k)toaT2Hk:IfU

(k¡3)
isaconvexcombinationofsomek¡tours

andTisoneamongthem,thenmk(X;T)ispositive, otherwise,itis0:

†LetXcorrespondtoann¡tourthenXisanintegervectorandso(X=k)
givesriseak¡tour:SoifTisthatk¡tourthenmk(X;T)=1:Also,
inthiscase,ifT2S,thenmk(X;S)=1aswell.Thisissobecause,
mk(X;T

0
)=08T

0
6=TandT

0
2Hk:

Lemma1Given(X;u)2Fn,considerx4andthecorrespondingU
(1)
.Wehave

U
(1)

=[_T1_T2_T3]x4;

whereD(T1)=e1=f1;2g;D(T2)=e2=f1;3g,andD(T3)=e3=f2;3g.

Recallthat_Tstandsforthecharacteristic vectorofTandxkdenotesthevector
(x12;k;:::;xk¡2k¡1;k):

Thislemmashowsthatforeveryfeasiblechoiceofx4,wehave,theconsequent
U
(1)

is2conv(H4).Thenextlemmagivestheresultonthestar-ine qualities for
n=5.

Lemma2Given(X;u)2F5.IfXsatisflesfork=4,

mk(X;T)•xk+1(T)=
X

e2T

xk+1(e)forallT2Hk

thenu2Q5.
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Thislemmaformsthebasisforthemaintheorem.Astraightforwardproofis
attemptedhere,exploiting thesimplicit yoftheFATproblemrelatedton=5:The
inequalit ymk(X;T)•xk+1(T);iscalledthestarinequalit y.Starinequalit yforeach
T2H4issu–cientinthiscase.Ingeneralascanbeseenfromthemaintheorem,
werequirestarinequalities tobesatisfledforeverysubsetS‰Hk8k2Vn¡1nV3;
forensuringu2Qn:

ProofofLemma??:Consider(X;u)2Fn&Xsatisfying

x4(D(T))
def
=m4(X;T)•

X

e2T

x5(e)8T2H4:(10)

LookattheFATproblemasdeflnedbelow:
Findffiflsuchthat,

X

(fi;fl)2A

ffifl=x4(D(Tfi))=x4(efi)
def
=afi;fi2O=f1;2;3g

X

(fi;fl)2A

ffifl=x5(efl)
def
=bfl;fl2D=f1;:::;6g

whereA=f(fi;fl)jfi2O;fl2DgandF(1)=f(1;1);(1;6)g;F(2)=f(2;2);(1;5)g
andF(3)=f(3;3);(1;4)g:AssumingzerocapacityforthearcsinF,andusing
afi;bflforsupplyanddemandatfiandfl,wehavethetotalavailabilit yequalto
totaldemand,namely1.Thisfollowsfromfeasibilit yofX(seeequation(??)).

Considerthenetwork,obtainedbyaddingasupersource,0,withanarc(with
capacityafi)connectingfiinOandsimilarly asupersink,⁄,isadded,withanarc
fromflinD,(withcapacitybfl).Themaximal°owthroughthisnetworkis1()
theFATproblemisfeasible.

Claim:Themaximal°owthroughthenetworkisindeed1.
HencewehaveafeasibleffortheFATproblemunderconsideration. Now

considertheU
(1)

resultingfromx4,asgivenbylemma??.
LetMdenotethematrixcorrespondingtothe_Tfi;fi2Oascolumnsinthat

order.WehaveMx4=U
(1)
:FromthefeasiblesolutiontotheFATproblemwe

haveffifl‚0andaddupto1:Restricttheattentionto(fi;fl)suchthatffifl>0:
Wehave,

_Tfi¡A
(5)
fl=_Tfifl;(11)

where,Tfiflisthe5¡tourobtainedfromTfi2H4byinserting 5inanefl;inTfi:

AndA
(5)

isasdeflnedearlier. A
(5)
fl;referstothecolumncorrespondingtox5(efl):

Fromfeasibilit y,thatis,(X;u)2Fn;n=5,

Mx4¡A
(5)
x5=u:(12)

Replacingx4andx5inthisexpression, bytheeqivalentexpressions inffifl,we
obtain,

M

0

B
B
@

P
flf1fl
..
.

P
flf3fl

1

C
C
A¡A

(5)

0

B
B
@

P
fiffi1
..
.

P
fiffi6

1

C
C
A=u:(13)
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ConsiderthecolumnsofMand¡A
(5)

havingsamecoe–cientffifl.Combining
togetherweget_Tfifl.

Thus,X

(fi;fl);ffifl>0

ffifl_Tfifl=u:

ThereforewehaveexpresseduasaconvexcombinationofsomeT2H5:Hence,
u2Q5asrequired.(Ushain[?],obtainsthisresultbycomputation.)

ProofoftheClaim:Supposethemaximal°owfrom0to⁄is<1:then
9afi02Osuchthatf0fi0<afi0:UsingFordandFulkerson’slabelingalgorithm,
fi0islabelledwith[0

+
;µ=afi0¡f0fi0>0]:Everyflsuchthat,(fi0;fl)=2F(fi)is

labelledwith[fi
+
0;µ].Noticethat(fl;⁄)issaturated,otherwise⁄willbelabelled,

contradicting theoptimalit yofthe°ow.Sincebythegivenconditons(??)onX,
foranyfi2O

afi•
X

fl

fbflj(fi;fl)=2F(fi)g:

So9fi16=fi0suchthatffi1fl0>0forsomefl0labelledfromfi0:Thisimplies,fi1
islabelledwith[fl

¡
0;µ̂=min(µ;ffi1fl0)]:Noticethat,everyflwith(fi0;fl)2F(fi0)

issuchthat,forallotherfi6=fi0,(fi;fl)=2F(fi):Inotherwords,foreachfl2D;
thereisonlyonefi2Osuchthat,(fi;fl)isforbidden.Thus,everyfl,with
(fi0;fl)2F(fi0)canbelabelledwith[fi1;µ̂]:So,everynodeinDislabelledeither
fromfi0orfi1:Atleastoneofthefl2Dissuchthat(fl;⁄)isnotsaturated,
sincethemaximal°owisassumedtobe<1:So⁄canbelabelled,leadingtoa
contadiction. Hence,themaximal°owinthenetworkis1;asclaimed.

Example:3.1ConsiderExample??.FromX=(x4;x5),wehave,

U
(1)

=

ˆ
e3
0

!

¡A[4]x4=(1=211=21=211=2)
0
:

NoticethatU
(1)

isinH4:Star-ine qualities forn=5requirethefollowingconditions
tobesatisfledbyX:

x4(D(T))•
X

e2T

x5(e)8T2H4:

Since,x4((1;3))is0,itissu–cienttoverifytheconditionforD(T)=either(1;2)
or(2;3):Now,x4((1;2))=1=2andx5(T)=0withT=f(1;3);(2;3);(1;4);(2;4)g:
Ortheconditionisnotsatisfled.But,forx4((2;3))=1=2andx5(T)=1with
T=f(1;2);(1;3);(2;4);(3;4)g;itissatisfled.Hencewearenotabletodecidethe
fateofu.

However,itiseasytoverifythat,thesolutionX
⁄
givenbelowproducesthesame

u;and(X
⁄
;u)2H5.

X
⁄
=(100;001=21=200)2R

¿5
:

Itissu–cienttoverifytheconditionsfor(1;2).Wehave,x4((1;2))=1and
x5(T)=1withT=f(1;3);(2;3);(1;4);(2;4)g;satisfying theconditionasan
equality.Thisimpliesu2Q5:Indeed,u=1=2[_T1+_T2],where,

T1=f(1;3);(2;3);(2;4);(1;5);(4;5)gandT2=f(1;3);(1;4);(2;4);(2;5);(3;5)g:
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Theorem3.1(MainTheorem)Given(X;u)2Fn,
ifXsatisfles

mk(X;S)•xk+1(S):(14)

8k2Vn¡1nV3and8S‰Hk,thenu2Qn.

Proof:
Theproofisbyinductiononnumberofcities, n.
Basisforinduction:Theresultistrueforn=5,fromlemma??.
Assumetheresultistrueupton¡1.Weshallshowthattheresultistruefor

n.
Consider(X;u)2Fn.
LookatU

(n¡4)
,obtainedfrom(X=n¡1)=(x4;:::;xn¡1).

Now(X=n¡1;U
(n¡4)

)2Fn¡1fromfeasibilit yof(X;u):AlsoU
n¡1

2Qn¡1by
inductionhypothesis.

)9aS‚‰Hn¡1suchthatU
(n¡4)

=
P

fi‚fi_Tfiwith‚fi>0,
P

fi‚fi=1&Tfi2S‚.
NowcosidertheFATproblemwith:

O¡¡sources]:fi=1;:::;p;wherep=jS‚j:
D¡¡sinks]:fl=1;:::;q;whereq=jEn¡1j:
afi¡¡supply]:afi=‚fiatfi:
bfl¡¡demand]:bfl=xn(efl)atfl:

cfifl¡¡capacity]:cfifl=

8
><

>:

1if(fi;fl)isnotforbidden
thatisefl2Tfi

0otherwise.

Findffifl‚0;8fi2O;fl2D,feasible.
Fromrequirements(??)
9afeasiblef()8L‰O[D;b(D\„L)¡a(O\„L)•c(L;„L);where

„L=O[D¡Landc(L;„L)=P
i2L;j2„Lcij:Butherec(L;„L)=c(L\O;D\„L).IfLis

suchthat(L\O;D\„L)containsanarc(fi;fl)notforbiddenthenc(L\O;D\„L)‚1:
Butb(D)=1‚b(D\„L)&a(O\„L)•1:ThereforeGale’srequirements(??)for
suchLaretrivially satisfled.

So,letusassumethat(L\O;„L\D),thenconsistsofonlyforbiddenarcs.
Thereforec(L\O;„L\D)=0:)Werequire,b(D\L)‚a(O\L):Nowb(D\
L)=

P
fl2D\Lxn(efl)&a(O\L)=

P
fi2O\L‚fi:FromourassumptiononL,for

everyfi2O\L,allthenonforbidden(fi;fl)arcsendinfl2(L\D).Let
J=fefljefl2Tfiforsomefi2O\LgNoticethat,‚fi•mn¡1(X;Tfi)8fi:

Thus,
X

fi2O\L

‚fi•
X

fi2O\L

mn¡1(X;Tfi)•
X

efl2J

xn(efl)=
X

fl2D\L

xn(efl):

Hencerequirements(??)aremet.ThuswehaveafeasibleffortheFATprob-
lem.Thismeansfisanonnegativevectoraddinguptoone,asmaximum°owin
thenetwork=b(D)=1:Therestoftheproof,issimilartothethatoflemma??.

Hencethetheorem.
Noticethat,itissu–cienttocheckthattheFATproblemsdeflnedforeachk

isfeasibleforagivenX,todeclareu2Qn:
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4Conclusions

Thispaperidentiflescertainpolyhedralinequalities calledstar-inequalities, thatare
usefulincheckingwhetheragivenu2SEPnisinQnaswell.Itisinterestingto
deviceanalgorithmusingthesestar-inequalities, toanswertheseparationquestion.
Itisshown,inasequaltothiswork,thatgivenauinthesubtourelimination
polytopeandacorrespondingX;suchthat(X;u)isfeasibletotheMIrelaxation,
itcanbeverifledinpolynomialtimeinn,numberofcities, whetherthetheGale’s
requirements,foreachoftheFATproblemsinvolved,aremetbyX.Otherwisea
violatedstar-inequalit ycanbefound.Thisusesthealgorithmforflndingaminimal
witnessforinfeasibilit y,developedin[?].Itisalsonoticedthat,anyviolatedstar-
inequalit yprovidesaclosedconvexsetK,suchthat,K

o
;theinteriorofKcontains

nointegerx
⁄
2Qn,butX2K

o
:Thisprovidesabasistoidentify,amostviolated

(withrespecttoX)validinequalit yforQn:Furtherresearchonthecomplexity
issuesandpracticalcomputationalschemesareon.
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