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Abstract

Growing demand, innovations in telecommunication technologiegharekpansiorand
diversification of servicesoffered have createda variety of design and expansion
problemsin telecommunicatiometworks. This paperlooks at one of theseproblems,
the Local AccessNetwork ExpansionProblem(LANEP), in which existing cablesand
concentratorsnust be installed or upgradedto handlegrowing demand. The general
problem can be modelleas an integerlinear program,but this is known to be NP-hard
and thus typical network sizes precludethe use of such methods. Various other
solution methodologiesand algorithms have been proposed, including a dynamic
programmingalgorithm which is solvablein pseudo-polynomialtime. This paper
presentsan extensionto this algorithm which allows two of the major LANEP

assumptions(contiguity and non-bifurcation) to be easily switched on or off.

Translatingthis general LANEP algorithm into a real world application does create
practical problems which prevents it from being implemented asheseproblemsare
discussed and current solutions under investigation are presented.

1. Introduction

Customergrowth, increasingdemandsfor old and new services,deregulationand the
innovationsin switching and transmissiontechnologiesare all placing pressureon
telephonecompaniesto upgradeand expandtheir networks. With over 50% of a
telephone company’s total investment in communication facilitieg1] and with
deregulationmaking the market more competitive theseexpansiondecisionscan have
huge economic and strategic ramifications.

There are a variety of different problems which arise from communication
networks, this paper deals with the Local Access Network Expansion Problem
(LANEP). A local access netwoKkAN) is a tree wheredifferent nodesare connected
to each other via an exchange located at the root of the tree. When a node véshds to
demandto anothernodein the tree, the traffic must be routed via the exchange. As
demands grow, various links in the LAM:comeexhaustecnd network capacityneeds
to be expanded. In the past all expansionwas donewith the installationof copper
cables, but recently technological advances have enabled electronic multiplectiitye
optic transmissionto be introduced as additional cost-effective options. Their
introductionhashowevermadeexpansionproblemsextremelycomplexas it presents



the network plannerswith larger and larger numbersof expansionpossibilities to
distinguish between and compare. Various solution methods (both singtpiahihed)
have been proposed, including iterative approaches, problem decompositions,
Lagrangiarrelaxationswith cuts, anddynamicprogramming. This paper focuseson a
dynamic programming algorithm designed by Flippo, Koster, Kolen and van de
Leensgl], we proposean alterationof its mathematicaformulation which is simpler
while allowing some commonly made LANEP assumptionsto be easily ignored if
wanted.

The rest of the paper is organised as follows. Sectues2ribeghe problemin
detail. Section 3 introducesthe notation and discussesthe dynamic programming
algorithm created. Section4 formally presentsthe dynamic programmingalgorithm.
Section 5 discussesa practical problem which was encounteredwhen trying to
implementthe algorithm and describeshe solution to this problem currently under
investigation.

2. Problem Description

The Local Acces®Network (LAN) is a network which connectscustomemodesto the
local exchange (switching centerJ.opologicallymost LANs havea tree structurewith
the exchangesituatedat the root andit is assumedhat this structurewill not change
over thetime horizonwe aredealingwith. Eachcustomemoderepresents collection
(possibly hundredsor thousandspf individual customersconnectedo this node via
someother form of underlyingnetwork. The arcsin the LAN correspondto existing
cablesor sets of cablesjoined togetherin ducts. Demandat each customernode is
generated when individual customers wistsend/receivéraffic (suchasvoice or data)
to anothernodein the LAN. This demandis measuredby the required number of
circuits from that nodéo the exchangdfor example,normal phoneconversatiorwould
require2 circuits whereashigh speeddatatransmissiorwould requiremore)andis the
sumtotal of all the individual customercircuit requirements.(Naturally a node which
representsl00 telephonesvould not require200 circuits to always be availableas not
all the phones will be useat the sametime. Various calculationsaretypically applied
to eachnodeto generatehe circuit demandssuchthat enoughcircuits are provided to
meet the typical expected load).

All communicatiorto andfrom eachcustomemodeis via the switching center
and the transmission of traffic from a customer ntmdthe exchangecanbe donein one
of two ways. It caneitherbe passedup via the collection of existingarcswhich form
the uniquepath from this node back to the root of the tree, or it canbe routedto a
concentratorlocated somewherein the tree. A concentratoris a device which
compressesultiple incomingcircuits onto a smaller numberof outgoing circuits and
sendstheseup to the exchanggfor examplemultiple analoguecircuits which are used
for telephoneconversationsnay be digitally multiplexedtogetheronto a singleline, or
maybeevenonto a fibre optic line). The concentratectircuits are either sent via a
dedicated line which is not part of the tree, or by cogpblewhich was “stolen” from
the tree, conditionetb handlethe compressedircuits (for exampleinstalling repeaters
on the cable) and now used as a dedicatedline. It is usual to assumethat if a
concentratosstealscoppercablesfrom the tree,thenthe amountit stealsis negligible,



andthus doesnot needto be consideredthis is a key assumptionand one which we
shall be referring back to later).

As customer demand grows (for examaleew subdivisionis built), the current
cablesand concentratorbecomeexhaustedandthe network will needto be upgraded.
This canbe done by installing new concentratorsexpandingexisting cable capacities,
and rerouting traffic through these new additionsto the network. Thus the LAN
expansionproblem fundamentallybecomeshe economictrade-off betweeninstalling
concentratorsand cable expansion. In Balakrishnan,Magnanti, and Wong [3] they
indicate that this problem is NP-complete.

While the problemcanbe modelledin a variety of ways, most modelssharea
commonset of assumptionswhich restrict the allowable expansionchoices. These
assumptionsavearisenboth throughtechnologicalconsiderationgnd operationaland
management factors. These restrictions include the following (taken3tgm

Assumption 1. Single-level concentration
Demand is concentrated at most once before it reaches the exchange.

Assumption 2: Non-bifurcated routing
Every node has its entire demand processed by a single concentrator or by the
exchange (processed by the exchange means the node’s demand is sent up the
tree via the copper cables to the exchange).

Assumption 3: Contiguity restriction
If node A is sending its demand to node B to be concentrated, then every node
on the path from A to B also sends their demand to the concentrator at B. (note:
it is assumed that there is always a concentrator installed at the exchange).

Assumption 4: Transmission cost for concentrated traffic
When sending concentrated traffic to the exchange, a concentrator either uses
a negligible amount of existing cable capacity, or uses its own dedicated line

Assumption1 reflectsthe economicsof currentlocal accessnetwork technologies-
concentratingalreadyconcentratectircuits is not cost effective. Assumptions2 and 3
are best understood by example. Take the following LAN

Exchange

B = a concentrator



If node C sends its demand to the concentrator at D, then it has to senitsadlemfiand
there. It cannotsendsome of its demandto D and the rest up to the exchange
(assumption 2).If nodeA sendsits demandto the concentratoiat B, thennodesE, F
and B also have to send their demands to that concentrator (assumption 3).

Assumptions 2 and 3 ar@rmally imposedfor operationalconvenienceasthey
simplify the representation, repair and maintenance of the networks. cihegpwever
force expansiorplanswhich seemeconomicallyill-considered. As an exampleof this,
take the following LAN which servicesan areawhich has had some new buildings
erectedin it. Existing demandis shownin the blank region, the new demandin the
shaded region.

Exchange

L cable capacity = 300

300 Q 600 new

.olq buildings
buildings

The combinedold and new demandwill exhausthe currentcable’s capacity and thus
the network needsto be upgraded. Assumptions2 and 3 allow only two upgrade
options: either the existing cableis expandedo handle900 circuits (in this casethe
concentrator which is processing the nodes demand is the exchamgefncentratoils
installed at thenodeto processall the 900 circuits andthe existing cableis disused. If
thereis a differencein costbetweena concentratoiwhich can handle600 circuits and
one which can handle 900 circuits then a cheaperoption (but one which violates
assumption® and3) would be to leavethe old demand(300) using the existing cable
capacity and install a concentratmwiely to pick up the new demand. In the algorithm
we presentin section3 and 4, neither assumption2 nor 3 are required, but it is
formulatedin sucha way that if operationalconveniences believedto outweighthe
economic downside then they may be easily “switched batk (Note: asassumption
2 and 3 are fairly complementary we wathmbinetheir referencetogetherand call them
the “contiguity assumption”).

Assumption4 effectively saysthat if we decideto send some demandto a
concentratorthen that demandno longer needsto be consideredby the network, it
magicallyfinds its way backto the exchangewithout interfering with any of the arc
capacities. This greatly simplifies the solution processand is generallyimplemented
due to the high compressiorratios achievedby the concentratorgfor example 1000
copperpairs for analoguetransmissionrequireonly 11 copper cablesto transmitthe
compressed signal8] ). It does however distort bothe costsof concentratorsvhich
steal copper cabl@ndthe true availablecapacityof the arcs. (This assumptionis the
one which causes the problem discussed in section 5).



A solution possibility of LANs worth notingis that of backfeed, or flow away
from the exchange.This occurswhena nodesendsits demandfor concentrationto a
node further awayrom the exchangeahanit is. This hasthe effect of freeingup cable
higher up in the tree for use by other nodes.



Section 3. Notation and Algorithm Introduction
(Note: for ease of reference the notation and description below is derived from [2] ).

Let T = (V,E) be the tree on which the LANEP is defined, with V representinggtiod
nodes(V={0,...,n} with O being the root (exchange))and E the set of edges(E =
{1,...,n}). We number the nodes and edged im depth-firstorderso that nodev and
the edge above nodénave the same numerical label. Lgbd the number of childreof
nodev in T, andlet s, betheith child of nodev (i = 1..d). Let T[v,i] be a subtree
composedof nodev as the root, its first i children and all the successorof these
children.

Let K\(r) represent the cost of using a concentrator at noogrocess a loadf
r. Let Lg(l) representthe cable costs of allowing a load of | to flow over edgee.
Provided assumption 4 holds, this cost structure may be of any form, and given lan
the values can be pre-calculated (the readdiréstedto [2] for a detaileddiscussionof
general and special casegfr) andL(])).

Before the formal description of the algorithm is given we giteief and general
explanation of how the heart of the algorithm works. Consider a (red) subthrerode
v as the root and i of nodés children (ie T[v,i]). Let us assumehat we haveavailable
the optimal (minimal) costs of passing out (receiving inprmal unconcentratecbpper
circuits through node (a negativevalue of r indicatesthat we arereceivingcircuits in),
and this value is stored in Cpglr).

eg é\G E}E
Cost«-4) = $100 Cost(6) = $50

Due to assumptiond, r representsnormal unconcentratedcopper circuit flow and
completely ignores any concentrated flow.

A special case occurs when tieal tree only hasonenode(v). If it is receiving
in r circuits then it must be concentrating both thesiecuitsand nodev's demand(and
sendingthemup to the exchangevia the concentrator'sdedicatedine). Thereforethe
cost isK,(demandy] + |r|). If it is sendingout r circuitsthenit cansendout at most
nodev's demand (and thus incur no cost), and i§ isendingout lessthan this thenthe
remainder must be being concentrated at mpdesing a cost oK,(demandy] —r).

Let us also assume that there exists a (blue) subiteeoot s, wheres,' is the
(i+1)th child ofv but not included in the red subtree.



The blue subtree contains all the childwérs,, andall their successor§e. T[s,', dsi ]).
Again, we have available the optimal costs of passing out (receiviggiituits through
nodes, .

What the algorithm effectively doesteske thesetwo subtreeqredis T[v,i] andblueis
T[s,', &i]) and puts them together to create the “red-blue” subtree: T[v,i+1]. lthees
red and blue subtreeoptimal valuesto calculatethe optimal valuesfor the red-blue
subtree (ie. the cost glassingout (receivingin) r circuits into the red-bluetree.). The
value of Costq.nidr) is calculated via the following algorithm:

Forri=-wtoeo do {for all the possible number of circuits we can pass into/out of
v}
begin
CoSteg-pudr):= oo {initialise}
for y:= -0 too do  {for all the possible number of circuits we can
{pass into/out of &}
begin
tempValue:= Cogifr-y) + Costdy);
if ly| > CapacityOfArc(g) then
“tempValue:= tempValue + (cost of upgrading
arc s to handle y circuits)
if tempValue < Costy.piudr) then
CoSteg.ond):= tempValue
end
end

(" technically this statement is tempValue := tempValug(¥)L)
To illustrate how this mergingworks, take the following example. Assumewe

have alreadyalculatedthe optimal costsof passingin/out r (y) circuits into/out of the
red (blue) subtrees. These costs are:

Red Subtree
r <(-10)[ -10 -5 0 2 5 10 >10
Cost,4(r) 00 160 135 125 70 20 0 00

Blue Subtree

y <(-5) -5 0 3 5 10 >10

Costyue(y) 0 110 | 105 100 50 0 00

Thesevaluesare now going to be usedto createthe red-blue subtreevalues. The
following explanationsteps through the calculationsused for one of these entries
(Costegniudd)). The other entrieswould be calculatedin a similar fashion. Costeg.
biue(D) represents the optimal castpassings circuits up from the red-bluesubtreeon
arcv. There are aariety of ways we canmergethe red andthe blue subtreegogether



suchthat we areleft with the red-bluesubtreepassingout 5 circuits. The algorithm
identifies and enumerates every one of these, and then picks the cheapest one.

One way for the red-blue subtree to papss circuits would be for the red tree
to pass out 10 circuits, 5 going up &randthe other5 goingdown arcs, into the blue
tree (figure 1 (a)). The cost dfis is Cost.(10) + Costud-5) + Lsi(5) (for simplicity
lets assumeaarc s, hasenoughcapacityto handleany flow andthus neverneedsto be
upgraded), which gives a total cost for this solution of: $0 + $110 + $0 = $110.

Another way for the red-blue subtrée passup 5 circuits would be for the red
subtreeto passup 2 circuits andthe blue treeto pass3 up circuits which go straight
throughnodev andonto arcv (figure 1 (b)). The costof this solutionis Cost.(2) +
Costud3) + Li(3) = $70 + $100 + $0 = $170.

The red-bluesubtreecould also passup 5 circuits by having the blue subtree
passout 10 circuits andthe red tree grabbing5 of theseand leavingthe remaining5 to
travelup arcv (figure 1(c)). The cost of this solution is Cost.(-5) + Cost,,«(10) +
Lsi(10) = $135 + $0 + $0 = $135.

(a) (b) (c)
5 5 5
5
10 2
| - CgO \
SHo® &b

Figure 1

Therearein fact 5 possibleways inflows and outflows from the red and blue
subtrees can be combined which result in the red-blue subtree passing up 5 Ciitoaits.
remaining two possible solutions are:

CoSted(5) + Coshiud0) + Lsi(0) = $20 + $105 + $0 = $125

and
$125 + $50 + $0 = $175

COSFeQ(O) + Cosl;lue(S) + I—si(s)

The cheapest of all the solutions is chosen (in this case it was the first solution we
looked at which had a cost of $110) and this becomes the entry in the red-blue subtree
table for Costq.oiudD).

By an inductive proof it can be shown that every possible way for adfawto
leave/entethe red-bluesubtreeis consideredandthereforethe optimal valuesfor the
red-blue subtree will be created.

My algorithm works by taking the LAN tree astbwly building it up usingred
andblue subtreesuntil finally the whole tree hasbeencreated. The optimal value for
Costyhole-Lan-tred 0) gives the optimal solution for the LANEP.



Section 4. A Dynamic Programming Algorithm for LANEP

To help link section 3 with section 4 define f(v, i, r) = Gagt) where tree = T[v, i].

DYNAMIC PROGRAMMING ALGORITHM FOR LANEP

for all v = n downto O do

begin

end

{calculate the single node costs}
for all r = 0 to demand|v] do

f(v, 0, r) = K(demand|v] - 1);
for all r = (demand|[v]+1) tec do

f(v, 0, r) =oo;
forall r = <0 to -1 do

f(v, 0, r) = K,(demand[v] + |r])

foralli=1toddo

for r = w0 to o do

begin

fory = <o to do

end

begin _
temp = f(v, i, r-y) + f(g, di, y) + Li(y);

{cost contiguity and backfeed}
if (r<0) and (y<0) then
begin
temp = temp + backfeedCost;
if ly| < (Jr|] + demand|v]) then
temp = temp + contiguityCost;

end
else if (r>0) and (y<O0) then
begin
temp = temp + backfeedCost +
contiguityCost;
end
else if (r>0) and (y>0) then
begin

if s<(y + demand|v]) then
temp = temp + contiguityCost;
end

if temp < f(v, i+1, r) then
f(v, i+1, r) = temp;
end




Observethat section4 presentssomeadditionsto the heartof the algorithm
given in section3, namely the introduction of contiguity costs and backfeedcosts.
Thesearethe mechanismsve discusseckarlier by which the useris ableto “switch”
contiguity and backfeedon or off”. The variablesbackfeedCostand contiguityCost
store the penalties for the current solution breaching the contiguity conalitalowing
backfeed. If the userwishesto force contiguity or ban backfeedthen the appropriate
cost should be set to, thus making the current unwanted solution so undesirablé that
will never be picked.Likewise, if the userwishesto allow non-contiguityor backfeed,
thenthey cansetthe appropriatecostto zero,thus imposingno penalty at all. The
user can alseffect a cost betweenthe two extremeswvhich would enablethe algorithm
to consider, but cost appropriately, solutiansich were allowablebut undesirableAs
it is shown,the algorithmusesthe samecostsfor all nodesbut it would be trivial to
extend this to allow node/arc specific contiguatyd backfeedcosts. It shouldbe noted
that if the useris certain that they will always/nevemwant contiguity and/or backfeed
then the algorithm can be made more efficient by removing these cost variablesand
simply altering the data ranges that the r and y loops run through.

For treeswith alargenumberof nodesand/or bushy treesand/ortreeswith a
large range of possible valuesrpthe number of variablmstancesof f(v, i, r) cangrow
large andhus memoryrestrictionscould becomea problem. Two observationsanbe
made which reduce the amount of memory the algorithm requitiestly (usingsection
3 terminology), once a red attlie subtreehavebeencombinedtogetherto form a red-
blue subtree, the reahdblue subtreescanbe thrown away. As an extensionof this it
can be shown that an entire LANEP can be sobsedtoringonly threesubtreesat one
time. Secondly, a LAN whose exchangedehasmultiple childrencanbe split up into
smallersub-LANSs, eachcontainingthe exchangepne (and only one) of the “exchange
children” and all of that child’s successorsand then solved independently. This
decouplingis possible becausethe only path betweena node in an exchangechild
subtreeanda node in a separateexchangechild subtreecontainsthe exchangeand it
would neverbe optimal to senddatathroughthe exchangeand out againfor the sole
purposeof beingsentbackto the exchange. Splitting up the LAN into smaller sub-
LANSs reduces the number of nodes (v) and thus requires fewer instances of f(v, i, r).

Section 5. Extension

One of the major drawbacks with the algorithm above is thatanticeassumptiord is
not valid. Assumption4 effectively assumeghat a concentratowill steal negligible
amountsof the existing copper cablesand thereforewe can ignore any impact that
concentrated traffic has on cable capacities. For LANs with huge cablé\wargsften
in the thousands or tens of thousands) this may well beaesbut for exchangesvith
smaller cable capacities(like the ones we are dealing with), the accumulation of
concentratorsdownstreamcan result in an “overflow” on an upstreamcable. For
example take the following LAN:



cable capacity = 400

é < demand = 380

B = existing concentrator
which use 8 cables

The concentratorat A ,B and C togetheruse 24 coppercableswhich when addedto

the 380 copper cables used by node D, exceed (overflow) the actual capacity of arc D.

In general, the cost of digging uglact in orderto lay more cableis a hugecost
(possibly more expensive than installingifferent concentratodownstreamwhich has
a higherconcentratiorratio), andthus we cannotsimply recommendhat all overflow
arcs should have more cable laid.

Our proposedsolution to this problemis to introducea new state, s, which
represents usingcopper cables for concentrators. This expands our vat@lbecome
f(v, i, r, s) which holds the optimal cost of sending wrcuits using normal coppend
S circuits using concentrator stolen copper in tree T[v,i]. When considesaly&on, if
(r + s) > capacityOfArc, then we need to upgrade the arc, and thus the algha#ihe
digging costs addedin for this solution. What needsto be investigatedis how this
additional state will increase the memory requirements. Anddlctor to be considered
is that not all concentratorgonditionthe coppercablesin the sameway and thus we
may needto distinguishbetweenthe differenttypes of concentratorcopper cables(ie
introduce a state t and u and v etc). If this is required thestabespacecould become
very large indeed.
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