
R�hu Vwdfn Rswlpl}dwlrq iru Sulfh Wdnhuv lq
Hohfwulflw| Pdunhwv

S1 M1 Qhdph/ D1 E1 Sklosrww/ J1 Sulwfkdug

Xqlyhuvlw| ri Dxfnodqg

Qhz ]hdodqg1

hpdlo= s1qhdphCdxfnodqg1df1q}

Devwudfw

Zh frqvlghu d vpdoo jhqhudwru r�hulqj lqwr dq hohfwulflw| vsrw pdunhw1 Iru
d jlyhq wlph shulrg/ wkh| pxvw vxeplw dq r�hu vwdfn/ frqvlvwlqj ri d �qlwh
qxpehu ri txdqwlw|0sulfh sdluv +ru wudqfkhv,1 Zh dvvxph wkdw wkh jhqhudwru lv
d sulfh0wdnhu � wkdw lv/ lw fdqqrw r�hu lq hqrxjk srzhu wr vxevwdqwldoo| d�hfw
wkh pdunhw sulfh1 Zh frqvlghu krz wr rswlpl}h wkh r�hu vwdfn iru ydulrxv
dvvxpswlrqv rq wkh frvw ri surgxfwlrq/ dqg wkh suredelolw| glvwulexwlrq iru
pdunhw sulfh1

4 Lqwurgxfwlrq
Lq wklv sdshu/ zh frqvlghu d fodvv ri sureohpv idflqj jhqhudwlqj frpsdqlhv zkr
vhoo hohfwulflw| lqwr zkrohvdoh hohfwulflw| pdunhwv1 Lq uhfhqw |hduv ydulrxv irupv ri
wkhvh pdunhwv kdyh hphujhg wkurxjkrxw wkh zruog1 Wkh sureohpv zh vwxg| dulvh
lq pdunhwv wkdw kdyh d glvsdwfk dqg sulflqj phfkdqlvp vlplodu wr wkdw qrz lpsoh0
phqwhg lq wkh Xqlwhg Nlqjgrp/ Dxvwudold dqg Qhz ]hdodqg/ zkhuh hdfk jhqhudwru
surgxfhv dq r�hu vwdfn/ frqvlvwlqj ri d �qlwh vhw ri sulfh0txdqwlw| sdluv +wudqfkhv,/
lqglfdwlqj wkdw wkh| duh zloolqj wr surgxfh wkrvh txdqwlwlhv dw wkh fruuhvsrqglqj
sulfhv1 Wkh qxpehu ri wudqfkhv wkdw fdq eh r�huhg lq dq| r�hu shulrg ghshqgv
rq wkh pdunhw1 +Lq Qhz ]hdodqg hdfk jhqhudwru lv uhvwulfwhg wr �yh wudqfkhv lq
hdfk kdoi0krxu shulrg,1 Wkh sulfhv lq wkhvh pdunhwv duh ghwhuplqhg e| d fhqwudo
dxwkrulw| +P0Fr lq Qhz ]hdodqg, wkdw fohduv ghpdqg e| v|vwhpdwlfdoo| glvsdwfklqj
wkh fkhdshvw vxsso| r�huv xqwlo ghpdqg lv phw +doorzlqj iru wudqvplvvlrq qhwzrun
orvvhv dqg frqvwudlqwv,1 Wkh pdujlqdo frvw ri vxsso| dw dq| qrgh ri wkh wudqvplv0
vlrq qhwzrun +l1h1 wkh vkdgrz sulfh ri wkh hqhuj| edodqfh frqvwudlqw, wkhq gh�qhv
wkh vsrw sulfh ri hqhuj| dw wklv qrgh1

Hdfk jhqhudwru lq vxfk d pdunhw vhhnv wkh ehvw srvvleoh vwdfn wr r�hu dw hdfk
wlph shulrg1 Wkhlu remhfwlyh lq wkh vkruw whup lv wr pd{lpl}h wkhlu +srvvleo| ulvn0
dgmxvwhg, uhwxuq wdnlqj lqwr dffrxqw dq| frqwudfw srvlwlrq1 Lq wklv sdshu zh fkrrvh
wr ljqruh frqwudfwv dqg ghdo zlwk d prgho lq zklfk wkh jhqhudwruv duh ulvn qhxwudo
dqg vhhn dq r�hu vwdfn lq hdfk glvsdwfk shulrg wkdw zloo pd{lpl}h wkhlu h{shfwhg



uhyhqxh plqxv h{shfwhg frvwv1 Iru vlpsolflw| zh vkdoo uhvwulfw dwwhqwlrq wr d jhqhu0
dwru r�hulqj d vlqjoh r�hu vwdfn dw d vlqjoh qrgh ri wkh wudqvplvvlrq qhwzrun1

Zh vkdoo ixuwkhu dvvxph wkdw wkh jhqhudwru lv vpdoo hqrxjk wkdw wkhlu dfwlrqv
kdyh qr h�hfw rq wkh vsrw sulfh1 Wklv sulfh0wdnlqj dvvxpswlrq lv d frqvlghudeoh
vlpsol�fdwlrq ri wkh sulfh0pdnlqj fdvh zkhuh jhqhudwruv fdq lq xhqfh wkh vsrw sulfh
e| ydu|lqj wkhlu r�huv1 +Wklv lv wkh vlwxdwlrq wkdw lv olnho| wr shuwdlq lq sudfwlfh
iru doo exw wkh vpdoohvw jhqhudwruv1, Zlwk shuihfw lqirupdwlrq rq wkh ehkdylrxu ri
frpshwlwruv dqg ghpdqg/ d sulfh0pdnlqj jhqhudwru fdq frqvwuxfw d vlqjoh r�hu wkdw
pd{lpl}hv wkhlu uhwxuq/ dvvxplqj wkdw wkh ehkdylrxu ri frpshwlwruv grhv qrw dowhu1
Krzhyhu vxfk d srolf| pljkw idlo wr eh rswlpdo diwhu wkh srwhqwldo uhvsrqvhv ri
frpshwlwruv duh wdnhq lqwr dffrxqw1 Lq wkhvh flufxpvwdqfhv wkh dssursuldwh prghov
zloo frph iurp jdph wkhru|1

D voljkwo| vlpsohu fdvh rffxuv zkhq wkh frpshwlwruv* dfwlrqv duh xqnqrzq/ exw
dvvxphg wr eh lqghshqghqw ri wkh srolf| ri wkh jhqhudwru zh kdyh lq plqg1 Wklv
fdvh kdv ehhq vwxglhg e| Dqghuvrq dqg Sklosrww ^4` zkr uhsuhvhqw wkh xqfhuwdlq0
wlhv lq frpshwlwru ehkdylrxu dqg ghpdqg e| d vlqjoh pdunhw glvwulexwlrq ixqfwlrq
�E^c R�/ gh�qhg wr eh wkh suredelolw| ri d vlqjoh0wudqfkh r�hu E^c R� qrw ehlqj ixoo|
glvsdwfkhg1 Wklv fdq eh xvhg wr ghulyh rswlpdolw| frqglwlrqv iru r�hu vwdfnv lq wklv
sulfh0pdnlqj frqwh{w1

Lq wkh sulfh0wdnlqj prgho wkdw zh frqvlghu/ wkh suredelolw| �E^c R� lv d ixqfwlrq
ri R rqo|1 +Lw lv wkh suredelolw| wkdw wkh fohdulqj sulfh lv ehorz R1 Iru vlpsolflw| ri
h{srvlwlrq zh uhvwulfw dwwhqwlrq lq wklv sdshu wr fdvhv zkhuh wkh sulfh glvwulexwlrq lq
dq| r�hu shulrg kdv d nqrzq ghqvlw| ixqfwlrq zlwk erxqghg vxssruw1, Wklv phdqv
wkdw pxfk ri rxu dqdo|vlv lv d vshfldo fdvh ri wkdw lq ^4`1 Krzhyhu rxu hpskdvlv lq
wklv sdshu lv rq wkh ghyhorsphqw ri surfhgxuhv iru frpsxwlqj rswlpdo vroxwlrqv1 Lq
wklv uhvshfw/ vwxg|lqj wkh sulfh0wdnlqj hqylurqphqw jlyhv foxhv wr krz rqh pljkw
surfhhg lq ghyhorslqj surfhgxuhv iru wkh pruh jhqhudo fdvh1 Lqghhg/ hyhq zlwk wkh
vlpsol�fdwlrqv ghvfulehg/ wkh vroxwlrq ri wkh prgho lv qrw hohphqwdu|1

Lq wkh qh{w vhfwlrq zh irupdoo| gh�qh r�hu vwdfnv dqg irupxodwh wkh remhfwlyh
ixqfwlrq wkdw wkh jhqhudwru vhhnv wr pd{lpl}h1 Vhfwlrq 6 ghulyhv rswlpdolw| frqgl0
wlrqv iru r�hu vwdfnv zlwk �qlwho| pdq| wudqfkhv1 Lq vhfwlrq 7 zh jlyh dq h{dpsoh
wr ghprqvwudwh wkdw wkhuh duh riwhq pdq| orfdo rswlpd wr wkhvh sureohpv/ dqg wkhq
ghvfuleh d vwudwhj| iru ghdolqj zlwk wkhvh1 Lq vhfwlrq 8 zh ghdo zlwk wkh vshfldo fdvh
zkhuh wkh frvw ri jhqhudwlrq lv d slhfhzlvh olqhdu ixqfwlrq1 Wklv ohdgv wr d vlpsoh
g|qdplf surjudpplqj dojrulwkp iru frpsxwlqj d joredoo| rswlpdo r�hu vwdfn1

5 R�hu vwdfnv
Lw lv frqyhqlhqw wr prgho dq r�hu vwdfn dv d frqwlqxrxv fxuyh t ' iE^E|�c RE|��c
f � | � Ajc lq zklfk wkh frpsrqhqwv ^E|� dqg RE|� duh prqrwrqlf lqfuhdvlqj
slhfhzlvh gl�huhqwldeoh ixqfwlrqv ri |1 Khuh ^E|� wudfhv wkh txdqwlw| frpsrqhqw ri
wkh r�hu fxuyh dqg RE|� wudfhv wkh sulfh frpsrqhqw1 Wklv gh�qlwlrq hqfrpsdvvhv
wkh fdvh zkhuh wkh jhqhudwru r�huv d frqwlqxrxv vxsso| ixqfwlrq ^ER�/ dv zhoo dv
wkh fdvh zkhuh wkhuh duh d �{hg qxpehu ri wudqfkhv � lq wklv fdvh wkh fxuyh t
zloo frqvlvw ri krul}rqwdo dqg yhuwlfdo vhfwlrqv1 Ohw sER� ghqrwh wkh suredelolw|
ghqvlw| ixqfwlrq ri vsrw sulfh1 Zh dvvxph s kdv erxqghg vxssruw jlylqj d erxqg



R� rq wkh vsrw sulfh/ vr wkdw RE|� � R� c f � | � A 1 Ixuwkhupruh/ zh dvvxph wkdw
^Ef� ' f/ REf� ' Rf ' �?u iR m sER� : fj c dqg wkdw ^E|� � ^� c f � | � A / zkhuh ^�
lv wkh jhqhudwlrq fdsdflw| ri wkh jhqhudwru1 Zh dovr dvvxph wkdw ^EA � ' ^� / dqg
REA � ' R� / zklfk lqfoxghv wkh fdvh zkhuh wkh �qdo vhfwlrq ri wkh fxuyh lv yhuwlfdo
dw ^� 1

Zh ghqrwh wkh frvw ri jhqhudwlqj dq dprxqw ^ e| SE^�1 Vxssrvh zh duh glv0
sdwfkhg ^ dw d fohdulqj sulfh ri R1 Wkh uhwxuq zh pdnh lv wkhq ^R � SE^�1 Zh
duh lqwhuhvwhg lq pd{lplvlqj wkh h{shfwhg uhwxuq rewdlqhg e| fkrrvlqj d sduwlfxodu
vwdfn t wr r�hu lqwr wkh pdunhw1 Wkhq wkh h{shfwhg uhwxuq iurp r�hulqj t lv
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Li wkh jhqhudwru fdq r�hu d txdqwlw| wkdw lv d frqwlqxrxv ixqfwlrq ^ER� ri wkh sulfh
R wkhq wkh h{shfwhg uhwxuq lv
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Qrwh wkdw li sER� : f iru doo R 5 dRfc R� o/ wkhq 8 lv pd{lpl}hg zkhq

YE^R� SE^��

Y^
' f/

jlylqj R�S�E^� ' f1 Khqfh wkh rswlpdo vwudwhj| iru wkh jhqhudwru lv wr r�hu d fxuyh
^ER� zlwk wkh surshuw| wkdw wkh sulfh ri hdfk r�huhg dprxqw lv lwv pdujlqdo frvw1

Lq wkh uhpdlqghu ri wklv sdshu zh irfxv rq wkh fdvh zkhuh wkh jhqhudwru pd|
fkrrvh qr pruh wkdq 6 wudqfkhv1 Lq wklv fdvh/ t lv d vwhs ixqfwlrq wkdw fkdqjhv
gluhfwlrq dw srlqwv Efc R��/ E^�c R��/ E^�c R2�/ � � �/ E^6c R6�1 Li R6 	 R� wkhq wkhuh lv
d yhuwlfdo vhfwlrq iurp E^6c R6� wr E^6c R��1 Wkh h{shfwhg uhwxuq lv qrz
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zkhuh iru frqyhqlhqfh zh lghqwli| R6n� dqg R� 1

6 Rswlpdolw| Frqglwlrqv
Wkh sureohp ri frpsxwlqj dq rswlpdo r�hu vwdfn zlwk 6 ru ihzhu wudqfkhv lv qrz
wkh iroorzlqj qrqolqhdu surjudpplqj sureohp1

� E6� G 4@ 8 ER�c � � � c R6c ^�c � � � c ^6�

vxfk wkdw R� � R�n�/ � ' �c � � � c 6� �c +5,

^� � ^�n�/ � ' �c � � � c6� �c +6,

f � R� � R� c � ' �c � � � c 6/ +7,

f � ^� � ^� / � ' �c � � � c61 +8,

Vlqfh S lv frqwlqxrxv/ 8 lv frqwlqxrxv/ dqg vlqfh wkh ihdvleoh uhjlrq ri � E6�
lv frpsdfw/ � E6� kdv dq rswlpdo vroxwlrq1 Zh ehjlq e| frqvlghulqj �uvw rughu



frqglwlrqv zlwk uhvshfw wr wkh yduldeohv R2c � � � c R6c ^�c � � � c ^63�/ wkhq frqvlghu zkdw
kdsshqv dw wkh hqgv ri wkh vwdfn/ dqg wkhq ghulyh vhfrqg rughu frqglwlrqv1 Revhuyh
wkdw � E6� lv d frqvwudlqhg rswlpl}dwlrq sureohp1 Zh dvvxph wkdw dq| fdqglgdwh
vroxwlrq wr � E6� wkdw zh lqyhvwljdwh vdwlv�hv wkh frqvwudlqwv +5, dqg +6, dv vwulfw
lqhtxdolwlhv1 Li wklv lv qrw wkh fdvh/ wkhq hvvhqwldoo| wkh vdph vroxwlrq +kdylqj ihzhu
wudqfkhv, fdq eh frqvwuxfwhg/ vdwlvi|lqj wklv frqglwlrq1

614 Iluvw Rughu Frqglwlrqv

Zh �uvw frqvlghu wkh fdvh zkhuh 8 lv d vprrwk ixqfwlrq ri lwv dujxphqwv/ dqg rewdlq
wkh vwdwlrqdulw| frqglwlrqv1 Iurp +4,/
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Qrz Y8
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dq rswlpdo vwdfn vdwlvi|
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+Zh zloo glvfxvv R� lq Vhfwlrq 6151, Wkdw lv/ wkh jhqhudwru r�huv lq d jlyhq txdqwlw|
dw lwv dyhudjh pdujlqdo frvw1

Li wkh txdqwlwlhv wkdw fdq eh r�huhg lq duh ghwhuplqhg +iru h{dpsoh/ wkh jhqhu0
dwru fdq rqo| uxq dw d ihz gl�huhqw rxwsxw ohyhov,/ dqg wkhuh duh vx!flhqwo| pdq|
wudqfkhv doorzhg/ wkhq wklv lv hqrxjk wr ghwhuplqh wkh rswlpdo wudqfkhv1

Krzhyhu/ li wkh txdqwlwlhv r�huhg fdq dovr eh dowhuhg/ wkhq hdfk ri wkh yhuwlfdo
vhfwlrqv +vhfwlrqv zlwk �{hg txdqwlw|, fdq eh vkliwhg1 Dvvxplqj sER�� : f/ wkh
frqglwlrq wkdw Y8
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Wkdw lv/ wkh frqglwlrqdo h{shfwhg sulfh dorqj wkh yhuwlfdo vhfwlrq lv htxdo wr wkh
pdujlqdo frvw1

615 Erxqgdu| frqglwlrqv

Wkh deryh vwdwlrqdulw| frqglwlrqv duh qhfhvvdu| iru rswlpdolw|1 Qrwh wkrxjk/ wkdw
zh glg qrw frqvlghu R�/ dqg ^6/ zklfk gh�qh wkh ehjlqqlqj dqg hqg ri wkh vwdfn1
Reylrxvo|/ lw lv srvvleoh wkdw wkhvh fdqqrw eh pryhg lq erwk gluhfwlrqv1 D qhjdwlyh
txdqwlw| pdnhv qr vhqvh/ dqg zh dvvxph wkdw qhjdwlyh sulfhv duh qrw doorzhg1 D
uhdolvwlf prgho zloo dovr jlyhv d pd{lpxp sulfh dqg txdqwlw| wkdw qhhgv wr eh
frqvlghuhg � krzhyhu/ li wkh prgho odfnv hlwkhu wkhq wkh frqglwlrq +:, dssolhv wr
^61



Zh odeho ^f ' f dqg Rf ' �?u iR m sER� : fj1 Li R� : Rf/ wkhq wkh rswlpdolw|
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616 Vhfrqg Rughu Frqglwlrqv

Wr ghwhuplqh zkhwkhu d sduwlfxodu vwdfn |lhogv d pd{lpxp ri wkh uhyhqxh ixqfwlrq
8 / zh qhhg wr fkhfn wkh vhfrqg rughu frqglwlrqv1
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D vx!flhqw frqglwlrq iru d fdqglgdwh vwdfn wr eh d orfdo pd{lpxp lv wkdw �M lv
srvlwlyh gh�qlwh dqg d qhfhvvdu| frqglwlrq lv wkdw �M lv srvlwlyh vhpl0gh�qlwh1



7 H{dpsohv
Zh qrz frqvlghu wzr h{dpsohv wkdw ghprqvwudwh vrph ihdwxuhv ri wklv sureohp1
Iluvwo|/ zh frqvlghu d vlpsoh h{dpsoh/ wr jdlq vrph lqvljkw lqwr zkdw wkh vwdwlrqdu0
lw| frqglwlrqv phdq1 Wkhq zh frqvlghu d pruh frpsoh{ h{dpsoh zklfk kdv pxowlsoh
vwdfnv vdwlvi|lqj wkh vwdwlrqdulw| frqglwlrqv1

714 D Vlpsoh H{dpsoh

Zh frqvlghu wkh fdvh zkhuh wkh sulfh lv xqlirupo| glvwulexwhg rq dfc �o/ vr
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Qrwh wkdw li ERc ^� olhv rq wkh olqh R ' 2^ +wkh lq�qlwh wudqfkh vroxwlrq/ zlwk wkh
sulfh htxdo wr wkh pdujlqdo frvw,/ wkhq qhlwkhu +<, qru +43, vxjjhvwv d qhz srlqw
wr pryh wr1 Li wkh srlqw lv ehorz wklv olqh/ wkhq zh fdq rqo| pryh xszdugv> li lw lv
deryh wkh olqh/ zh fdq rqo| pryh dfurvv1

Wkxv/ iurp dq| R�/ zh fdq lwhudwlyho| vroyh +<, dqg +43, wr exlog dq r�hu vwdfn1
Lq rughu wr rewdlq wkh rswlpdo 60wudqfkh vwdfn/ lw uhpdlqv wr vdwlvi| dq rswlpdolw|
frqglwlrq rq wkh erxqgdu|1 Dv wkhuh lv qr pd{lpxp txdqwlw|/ wkh rqo| srvvleoh
erxqgdu| frqglwlrq lv wkdw R6n� ' �1

Iru h{dpsoh/ li 6 ' �/ zh rewdlq R� ' �
.
jlylqj wkh vroxwlrq vkrzq lq Iljxuh

41 Wkh h{shfwhg uhwxuq iurp wklv vroxwlrq lv dssur{lpdwho| <;( ri wkh h{shfwhg
uhwxuq iurp wkh rswlpdo lq�qlwh wudqfkh vroxwlrq1

715 H{dpsoh Zlwk Pxowlsoh Vroxwlrqv

Zh qrz frqvlghu d pruh frpsolfdwhg h{dpsoh/ lq rughu wr ghprqvwudwh wkdw �qglqj
dq rswlpdo vwdfn lv qrw dozd|v vwudljkwiruzdug1

Djdlq/ zh frqvlghu wkh sulfh glvwulexwlrq wr eh xqlirup/ dowkrxjk wklv wlph
glvwulexwhg ryhu dfc Do/ vr

sER� '

+
�
D

c R 5 dfc Doc
f c rwkhuzlvh1
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Iljxuh 4= Rswlpdo wudqfkhv iru vlpsoh h{dpsoh

Zh frqvlghu wkh frvw ixqfwlrq

SE^� '
D

�S

�
^2 � t�?2 ^

�
1

Lq Iljxuh 5/ zh sorw wkh rswlpdo frqwlqxrxv vwdfn R ' S�E^� dqg wkuhh vwdfnv zlwk
irxu wudqfkhv/ hdfk ri zklfk vdwlv�hv wkh vwdwlrqdulw| frqglwlrqv1
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2 4 6 8 10q

Iljxuh 5= Vwdfn vdwlvi|lqj vwdwlrqdulw| frqglwlrqv

Lw vhhpv wr eh udwkhu fkdoohqjlqj wr �qg dq dojrulwkp wkdw zloo dxwrpdwlfdoo|
�qg wkh devroxwh ehvw r�hu vwdfn iru pruh frpsolfdwhg frvw ixqfwlrqv1 Rqh rswlrq
lv wr vhdufk dorqj srvvleoh R� ydoxhv/ lq vhdufk ri dq r�hu vwdfn wkdw hqgv rq wkh
erxqgdu| +R6n� ' R� ru ^6 ' ^�,1

Krzhyhu/ wkh vwdfnv sorwwhg lq Iljxuh 5 dsshdu wr eh txlwh vhqvlwlyh wr wkh lqlwldo
ydoxh R�/ dqg duh rqo| fohduo| glvwlqfw rq wkh plggoh wudqfkhv1 Wklv vxjjhvwv dq



dowhuqdwlyh dssurdfk/ zklfk lv wr frqvlghu d vwdfn ri vd| e6
2
f wudqfkhv vwduwlqj iurp

dq xqnqrzq R� dqg d vwdfn ri g6
2
h wudqfkhv vwduwlqj iurp ^61 Wkxv zh zrxog

uhsodfh d joredo rswlpl}dwlrq sureohp ryhu rqh yduldeoh/ zlwk d ixqfwlrq vhqvlwlyh
wr wkdw yduldeoh/ zlwk d wzr yduldeoh sureohp/ zlwk ohvv vhqvlwlylw| wr wkh yduldeohv1

8 Slhfhzlvh Olqhdu Frvw Ixqfwlrqv
Zh qrz frqvlghu wkh vshfldo fdvh zkhuh wkh frvw ixqfwlrq lv slhfhzlvh olqhdu1 Wklv
zrxog eh wkh fdvh lq d prgho wkdw kdv d qxpehu ri wxuelqhv wkdw fdq eh vzlwfkhg
rq ru r�/ dqg wkh pdujlqdo frvw ri hohfwulflw| lv frqvwdqw iru d frqvwdqw qxpehu ri
wxuelqhv vzlwfkhg rq1

Qrwh wkdw dv wkh frvw ixqfwlrq lv qrqvprrwk/ wkh frqglwlrq +:, lv jhqhudol}hg
dqg iru wkh slhfhzlvh olqhdu fdvh |lhogv

2S�
3
E^��� R� � R�n� � 2S�nE^��� R�/

zkhuh S�
3
E^�� lv wkh ohiw ghulydwlyh ri S dw ^� dqg S�nE^�� lv wkh uljkw ghulydwlyh ri S dw

^�1 Dv ehiruh/ R� '
SE^��3SE^�3��

^�3^�3�
1

Zh zloo qrz suryh wkdw lq wklv fdvh/ zh qhhg rqo| frqvlghu vwdfnv zkhuh wkh
wudqfkh txdqwlwlhv olh dw wkh euhdnsrlqwv ehwzhhq wkh olqhdu vhfwlrqv ri wkh frvw
ixqfwlrq1 Zh wkhq jlyh dq looxvwudwlyh h{dpsoh lq Vhfwlrq 814 dqg wkhq suhvhqw d
g|qdplf surjudpplqj dssurdfk wr vroylqj wklv vshfldo fodvv ri sureohpv lq Vhfwlrq
8151

Ohppd 814 Li SE^� lv d frqwlqxrxv/ slhfhzlvh olqhdu ixqfwlrq/ wkhq � E6� kdv d
vroxwlrq iE^�c R��c � � � c E^6c R6�j/ lq zklfk iru doo � ' �c � � � c 6/ ^� olhv rq d euhdnsrlqw
ri SE�� +wkdw lv S�E^�� grhv qrw h{lvw,1
Surri1 Vlqfh S lv frqwlqxrxv/ wkhuh h{lvwv dq rswlpdo vwdfn 7 ' iE^�c R��c � � � c E^6c R6�j1
Vxssrvh iru vrph � wkdw ^� lv qrw d euhdnsrlqw ri SE��1 Fkrrvh wkh odujhvw vxfk ^�1

Vlqfh 7 lv rswlpdo/

S�E^�� '

U R�n�
R�

RsER�_RU R�n�
R�

sER�_R
1 +44,

Zh qrz frqvlghu dq dowhuqdwlyh vwdfn 7�/ zkhuh E^�c R�� lv uhsodfhg e| E^nc R��/ zlwk
^n d euhdnsrlqw dqg

SE^n� ' SE^�� n S�E^��E^
n � ^��1 +45,

Wkxv/ ^n lv wkh qh{w euhdnsrlqw/ dqg ^� zdv wkh odujhvw txdqwlw| qrw dw d euhdnsrlqw/
vr +li � 	 6, ^n � ^�n� dqg ^n � ^� / vr 7 � lv ihdvleoh iru � E6�1 Ohw wkh wrwdo
uhwxuq iurp vwdfn 7 eh -E7� dqg olnhzlvh wkh uhwxuq iurp vwdfn 7 � eh -E7 ��1 Wkhq

-E7��-E7 �� '
] R�n�

R�

^�R� SE^��sER�_R�
] R�n�

R�

^nR� SE^n�sER�_R1

Iurp +44,/
U R�n�
R�

RsER�_R ' S�E^��
U R�n�
R�

sER�_R/ vr xvlqj wklv/ dqg +45,/

-E7��-E7 �� ' �E^n � ^��
] R�n�

R�

RsER�_Rn
] R�n�

R�
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' �E^n � ^��SE^��
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Wkxv 7 � kdv wkh vdph wrwdo uhwxuq dv 71 E| dsso|lqj wkh vdph dujxphqw wr
7 � d �qlwh qxpehu ri wlphv/ lw fdq eh vhhq wkdw wkhuh h{lvwv d vwdfn ri dw prvw 6
wudqfkhv/ zlwk doo ^� o|lqj rq euhdnsrlqwv ri SE��/ |lhoglqj wkh vdph uhwxuq dv 7/ dqg
khqfh vroylqj � E6�1

D orrn dw wkh Khvvldq +;, uhyhdov wkdw prvw vwdfnv vdwlvi|lqj wkh vwdwlrqdulw|
frqglwlrqv zlwk dq| wudqfkh txdqwlw| ^� qrw dw d euhdnsrlqw pxvw eh d vdggoh srlqw1
Zh qrwh wkdw S��E^�� ' f/ dqg khqfh wkh qhjdwlyh ri wkh Khvvldq pdwul{ frqwdlqv d
sulqflsdo plqru %

E^� � ^�3�� sER�� ER� � S�E^��� sER��
ER� � S�E^��� sER�� f

&
/

zklfk kdv ghwhuplqdqw � dER� � S�E^��� sER��o
21 Zh kdyh dvvxphg wkdw sER� : f

iru doo R/ vr li R� 	 S�E^��/ �M kdv d sulqflsdo plqru zlwk qhjdwlyh ghwhuplqdqw
dqg wkxv fdqqrw eh srvlwlyh vhpl0gh�qlwh1 Vr dq| vwdfn vdwlvi|lqj wkh vwdwlrqdulw|
frqglwlrqv/ exw frqwdlqlqj ^� fdqqrw eh d orfdo pd{lpxp1 Qrwh wkdw li R� ' S�E^��/
wkhq kljkhu rughu frqglwlrqv zrxog eh uhtxluhg/ exw wkh surri deryh vwloo krogv1

814 Dq H{dpsoh

Zh qrz frqvlghu dq h{dpsoh zkhuh wkh frvw ixqfwlrq lv slhfhzlvh olqhdu1 Zh
frqvlghu dq h{dpsoh zkhuh wkh sulfh lv xqlirupo| glvwulexwhg ryhu ^3/8`/ ^� ' e dqg
wkh frvw ixqfwlrq lv gh�qhg e|=

SE^� '

;AAA?
AAA=

^ c f � ^ � �
2^ � � c � � ^ � 2
�^ � � c 2 � ^ � �
e^ � S c � � ^ � e

Dq h{kdxvwlyh vhdufk |lhogv wkh iroorzlqj vroxwlrqv vdwlvi|lqj wkh rswlpdolw|
frqglwlrqv1

Vroq 4 = ^� ' �c R� ' �c R2 ' �c ^2 ' e G 8 ' 2�H

Vroq 5 = ^� ' 2c R� ' ��Dc R2 ' ��Dc ^2 ' e G 8 ' 2�b

Vroq 6 = ^� ' �c R� ' 2c R2 ' ec ^2 ' e G 8 ' 2�H

Vroq 7 = ^� ' �c R� ' �c R2 '
D
2
c ^2 ' � G 8 ' 2�HD

Vroq 8 = ^� ' 2c R� '
�
2
c R2 ' �c ^2 ' � G 8 ' 2�HD

Vroq 9 = ^� ' �
2
c R� '

e
�
c R2 '

H
�
c ^2 ' � G 8 ' 2�H��

Qrwh wkdw Vroq 9 kdv wudqfkh txdqwlwlhv wkdw gr qrw olh rq wkh euhdnsrlqwv ri
wkh frvw ixqfwlrq/ exw grhv qrw |lhog wkh pd{lpxp uhwxuq1 Wkh rswlpdo vwdfn lv
jlyhq e| Vroq 51



815 D Vroxwlrq Whfkqltxh

Zh kdyh ghwhuplqhg wkdw slhfhzlvh olqhdu frvw ixqfwlrqv fdq eh vroyhg e| frqvlghu0
lqj frpelqdwlrqv ri �qlwho| pdq| txdqwlwlhv1 Zh qrz suhvhqw d phwkrg iru �qglqj
wkh rswlpdo vwdfn iru wklv fodvv ri sureohpv1

Vxssrvh wkdw wkh euhdnsrlqwv ri wkh slhfhzlvh olqhdu frvw ixqfwlrq duh dw f ' wf/
w�/ w2/ � � �/ w� ' ^� 1 Li 6 � � wkhq wkh rswlpdo r�hu vwdfn lv wkh pdujlqdo frvw
ixqfwlrq/ dv orqj dv wklv lv prqrwrqlf1

Li wkh pdujlqdo frvw ixqfwlrq lv qrw prqrwrqlf wkhq zh vhhn d vhw ri6 srlqwv iurp
wkh euhdnsrlqwv wr irup wkh euhdnsrlqwv ri wkh rswlpdo r�hu vwdfn1 Iru � ' �c � � � c �c
ohw �E�� eh wkh vhw ri srvvleoh sulfhv dw zklfk zh frxog r�hu w� lq d vwdwlrqdu| vwdfn1
Irupdoo|

�E�� ' R� ^ iSEw��� SEw��

w� � w�
m f � � 	 �j1

Wr frqvwuxfw dq rswlpdo vwdfn zh olvw wkh hohphqwv ri wkh vhw ^��E�� lq rughu ri
lqfuhdvlqj vl}h wr jlyh

^��E�� ' iZ& m & ' �c 2c � � � c gj1
Gh�qh T?E�� wr eh wkh pd{lpxp h{wud frqwulexwlrq rqh frxog pdnh wr wkh h{shfwhg
uhwxuq e| frqvwuxfwlqj d vwdwlrqdu| vwdfn wkdw vwduwhg dw wkh srlqw Ew?c Z��1 Wkh
rswlpdo vwdfn zloo eh wkdw zklfk pd{lplvhv TfE��1 Wklv fdq eh frpsxwhg xvlqj wkh
iroorzlqj g|qdplf surjudpplqj uhfxuvlrq=

T�E&� '

+ U R�
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�4 c rwkhuzlvh1

Wklv uhfxuvlrq fdq eh dssolhg zkhq wkhuh duh qr uhvwulfwlrqv rq wkh qxpehu ri
wudqfkhv1 Li 6 	 � / wkh uhfxuvlrq pxvw eh prgl�hg wr lqfoxgh dq h{wud vwdwh
yduldeoh wkdw uhfrugv wkh qxpehu ri wudqfkhv xvhg dqg vhwv T?E�� wr eh �4 iru
dq| sduwldo vroxwlrq wkdw kdv pruh wkdq 6 wudqfkhv1 Dq lpsohphqwdwlrq ri wklv
uhfxuvlrq dqg lwv dssolfdwlrq wr d qxpehu ri vlpsoh h{dpsohv lv ghvfulehg lq pruh
ghwdlo lq ^5`1

Dfnqrzohgjhphqw
Wkh dxwkruv zrxog olnh wr dfnqrzohgjh wkh vxssruw ri IUVW xqghu frqwudfw XRD;361

Uhihuhqfhv
^4` D1 Sklosrww/ H1 Dqghuvrq dqg M1 Nd|h/ �Rswlpdo sduwlflsdqw ehkdylrxu lq hohf0

wulflw| pdunhwv/� Surfhhglqj ri wkh RUVQ] Frqihuhqfh/ 4<<;1

^5` Q1 Urehuwv/ �Pxowl0shulrg rswlplvdwlrq ri k|gur0hohfwulf jhqhudwru r�huv/� \hdu
7 Surmhfw Uhsruw/ Ghsduwphqw ri Hqjlqhhulqj Vflhqfh/ Xqlyhuvlw| ri Dxfnodqg/
4<<<1


