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Devwudfw
Wklv sdshu frqvlghuv wkh sureohp ri exloglqj f|folf vwd� urvwhuv1 Zh suhvhqw d qhz
vroxwlrq dssurdfk xvlqj lqwhjhu surjudpplqj zlwk 60zd| eudqfklqj dqg fxwv1

4 Lqwurgxfwlrq
Wklv sdshu frqvlghuv wkh sureohp ri exloglqj vwd� urvwhuv +dovr fdoohg shuvrqqho
vfkhgxohv, wkdw uhshdw lq d f|folf idvklrq1 Wkhvh urvwhuv duh irxqg lq d zlgh ydulhw|
ri lqgxvwulhv wkdw zh kdyh zrunhg zlwk/ lqfoxglqj dpexodqfh rshudwlrqv/ dlusruw
rshudwlrqv dqg krvslwdov1

Lq Wdeoh 4/ zh vkrz d w|slfdo f|folf urvwhu1 Wklv urvwhu lv frpsrvhg ri d vhtxhqfh
ri dfwlylwlhv1 Wkhvh duh jurxshg lqwr olqhv/ zkhuh wkh Prqgd| lq d olqh lv frqvlghuhg
wr iroorz wkh Vxqgd| ri wkh suhylrxv olqh1 Wkh urvwhu lv f|folf lq wkdw olqh 4 lv
frqvlghuhg wr iroorz wkh odvw olqh/ olqh 61

Iru hdfk olqh/ wkh urvwhu vshfl�hv dq dfwlylw| iru hdfk gd| ri wkh zhhn/ ehlqj
hlwkhu d gd| r� zrun +ghqrwhg e| c�*,/ ru rqh ri wkh wzr vkliw w|shv +D ru E, wkdw
kdyh wr eh zrunhg rq wkdw gd|1 Hdfk vkliw w|sh vshfl�hv d vwduw dqg �qlvk wlph iru
wkh zrun dfwlylw|> wkhvh duh ghwdlohg lq Wdeoh 51

Wklv urvwhu zrxog eh zrunhg e| 6 vwd� phpehuv/ zkhuh wkh vwd� phpehuv iroorz
wkurxjk wkh urvwhu olqhv lq Wdeoh 41 Iru h{dpsoh/ wkh urvwhu frxog ehjlq zlwk vwd�
phpehuv 4 wr 6 zrunlqj olqhv 4 wr 6 uhvshfwlyho|1 Wkdw lv/ rq Prqgd|/ shrsoh 4 dqg
5 erwk zrun dq D vkliw w|sh/ zkloh shuvrq 6 zrunv d E vkliw1 Rq Wxhvgd|/ shuvrqv
4 dqg 5 zrun D vkliwv/ zkloh shuvrq 6 kdv d gd| r�1 Wklv sdwwhuq frqwlqxhv iru :
gd|v/ diwhu zklfk wkh vwd� phpehuv pryh grzq wr wkh qh{w olqh/ zlwk wkh odvw vwd�
phpehu +shuvrq 6, frplqj edfn wr wkh wrs ri wkh urvwhu +olqh 4,1 Vr/ lq wkh vhfrqg
zhhn ri rshudwlrq/ shuvrq 4 zrxog zrun olqh 5/ shuvrq 5 olqh 6/ dqg shuvrq 6 olqh 41
Diwhu 6 zhhnv ri rshudwlrq/ d frpsohwh f|foh kdv ehhq zrunhg/ dqg vr rq zhhn 7/ doo
vwd� zrun wkh vdph vkliwv dv rq zhhn 41

Wkh orzhu kdoi ri Wdeoh 4 vkrzv wkh wrwdo cfryhudjh* surylghg e| wklv urvwhu1 Iru
h{dpsoh/ rq hyhu| Prqgd| zh kdyh 5 vwd� zrunlqj D vkliwv/ dqg 4 zrunlqj d E vkliw1



Olqh Qr P Wx Z Wk I Vd Vx
4 D D E E E 0 D
5 D D D 0 0 E E
6 E 0 0 D D 0 0
cD* wrwdov 5 5 4 4 4 3 4
cE* wrwdov 4 3 4 4 4 4 4

Wdeoh 4= D 60zhhn f|folf urvwhu zlwk 5 vkliw w|shv/ D dqg E1
Vkliw W|sh Vwduw Wlph Hqg Wlph

D 3:=33 48=33
E 48=33 56=33

Wdeoh 5= Vwduw dqg �qlvk wlphv iru vkliw w|shv D dqg E

Wklv uhtxluhg fryhudjh � riwhq fdoohg wkh cvkliw uhtxluhphqwv* ru czrun uhtxluhphqwv* �
lv w|slfdoo| vshfl�hg e| pdqdjhphqw1 Zh zloo dvvxph wkdw wkh uhtxluhphqw lv h{dfw>
surylglqj pruh vwd� ru ihzhu vwd� wkdq uhtxluhg rq dq| vkliw lv qrw dffhswdeoh1

Lw fdq eh xvhixo wr frqvlghu wkh f|folf urvwhu dv d vhtxhqfh ri czrunvwuhwfkhv*/
zkhuh zh gh�qh d zrunvwuhwfk wr eh d frqwlqxrxv vhtxhqfh ri gd|v zrunhg dqg wkh
dvvrfldwhg iroorzlqj gd|v r�1 Wkh vdpsoh urvwhu lq Wdeoh 4 frqwdlqv 7 zrunvwuhwfkhv>
wkhvh duh olvwhg lq Wdeoh 61 Lq wklv wdeoh/ zh kdyh vkrzq wkh qxpehu ri cgd|v0rq*
+gd|v zrunhg, dqg cgd|v0r�* +gd|v r� zrun, hdfk zrunvwuhwfk frqwdlqv1 Zh kdyh
dovr vkrzq wkh ohqjwk ri wkh zrunvwuhwfk/ ehlqj wkh qxpehu ri gd|v wkdw duh vshfl�hg
e| wkh zrunvwuhwfk1

Wkhuh duh d qxpehu ri ctxdolw| remhfwlyhv* wkdw vwd� vhhn wr rswlplvh zkhq exlog0
lqj f|folf urvwhuv1 Iluvw/ vwd� olnh wr zrun idyrxudeoh zrunvwuhwfkhv1 Iru h{dpsoh/
d 80rq/ 50r� zrunvwuhwfk zloo jhqhudoo| eh suhihuuhg wr d :0rq/ 40r� zrunvwuhwfk1
Vhfrqg/ vwd� w|slfdoo| glvolnh vsolw zhhnhqgv lq zklfk rqh gd| lq wkh zhhnhqg lv
zrunhg/ dqg wkh rwkhu lv d gd| r�1 Wklug/ vwd� zloo jhqhudoo| h{suhvv suhihuhqfhv
derxw wkh frqwhqw ri d zrunvwuhwfk1 Zrunvwuhwfkhv zlwk rqo| rqh vkliw w|sh/ vxfk
dv cD D D D � �* duh w|slfdoo| +exw qrw dozd|v, suhihuuhg wr zrunvwuhwfkhv vxfk dv cD
D E E � �* zklfk frqwdlq d pl{ ri vkliw w|shv1 Zkhuh zrunvwuhwfkhv duh ri pl{hg
vkliw w|sh/ vwd� riwhq suhihu wkh vkliwv wr eh ciruzdug urwdwlqj* phdqlqj wkdw hdfk
vxffhvvlyh vkliw vwduwv dw d odwhu +qrw hduolhu, wlph1 Iru h{dpsoh/ cD D E E � �* lv
iruzdug urwdwlqj/ zkloh cE E D D � �* lv qrw1

Lq dgglwlrq wr wkh txdolw| remhfwlyhv/ d f|folf urvwhu w|slfdoo| kdv wr vdwlvi| d

Zrun0 Gd|v Gd|v
vwuhwfk Vd Vx P Wx Z Wk I Vd Vx rq r� Ohqjwk

4 D D E E E 0 8 4 9
5 D D D D 0 0 7 5 9
6 E E E 0 0 6 5 8
7 D D 0 0 5 5 7

Wdeoh 6= Wkh zrunvwuhwfkhv zlwklq wkh vdpsoh urvwhu



qxpehu ri cohjdolw| frqvwudlqwv*1 Iru h{dpsoh/ xqlrq uhjxodwlrqv pd| vshfli| wkdw
qr pruh wkdq : gd|v pd| eh zrunhg frqvhfxwlyho|> wkdw dw ohdvw 5 gd|v r� iroorz 8
ru pruh frqvhfxwlyh gd|v ri zrun> wkdw qr pruh wkdq 43 gd|v eh zrunhg lq dq| 5
zhhnv/ dqg vr rq1

Wkh cf|folf urvwhu frqvwuxfwlrq sureohp* fdq qrz eh gh�qhg dv wkdw ri jhqhudwlqj
wkh kljkhvw txdolw| f|folf urvwhu wkdw phhwv doo ohjdolw| frqvwudlqwv zkloh fryhulqj wkh
zrun uhtxluhphqwv zlwk wkh vshfl�hg qxpehu ri urvwhu olqhv1

5 Suhylrxv Zrun
Pxfk ri wkh suhylrxv zrun rq f|folf urvwhulqj kdv irfxvvhg rq d khxulvwlf ghfrpsr0
vlwlrq ri wkh sureohp lqwr glvwlqfw vwhsv1 Dv lv revhuyhg lq ^5`/ wkhuh lv qr jxdudqwhh
wkdw wklv khxulvwlf ghfrpsrvlwlrq zloo ohdg wr rswlpdo vroxwlrqv iru wkh urvwhulqj
sureohp1 Lqvwhdg/ wkh hpskdvlv lq pruh uhfhqw zrun kdv ehhq rq �qglqj vroxwlrq
dssurdfkhv wkdw dyrlg wkh qhhg wr duelwudulo| vsolw wkh sureohp lqwr vwdjhv dqg lq0
vwhdg wuhdw wkh frpsohwh sureohp lq rqh surfhvv1 Wkhvh dssurdfkhv duh edvhg rq
erwk lqwhjhu surjudpplqj ^5/ 6` dqg vkruwhvw sdwk dojrulwkpv ^4`1

Odsruwh/ Qrehuw dqg Elurq ^5` ghyhors dq lqwhjhu surjudpplqj prgho lq zklfk
wkh froxpqv uhsuhvhqw zrunvwuhwfkhv iurp zklfk d vhw lv vhohfwhg wkdw vdwlv�hv frq0
vwudlqwv uhsuhvhqwlqj wkh zrun uhtxluhphqwv dqg wkh dydlodelolw| ri gd|v r�1 Wkh|
dovr dgg d frqvwudlqw wkdw irufhv wkh qxpehu ri zhhnhqgv r� wr eh pd{lplvhg1 Dq
lqwhuhvwlqj ihdwxuh ri wkhlu prgho lv wkdw zkloh wkh zrunvwuhwfkhv wkh| jhqhudwh vdw0
lvi| wkh zrun uhtxluhphqwv/ riwhq wkh| fdqqrw eh vhtxhqfhg wr irup d frpsohwh f|folf
urvwhu1 Wklv lv ehfdxvh wkh vroxwlrq frqwdlqv cglvfrqqhfwhg vxe0f|fohv* lq wkh irup
ri f|folf vxe0urvwhuv ri ohvv wkdq wkh uhtxluhg ohqjwk1 Wr dyrlg vxfk vroxwlrqv/ dg0
glwlrqdo frqvwudlqwv duh lqwurgxfhg gxulqj wkh eudqfk dqg erxqg wkdw edq vroxwlrqv
zlwk glvfrqqhfwhg vxe0f|fohv1 Wkh dxwkruv uhsruw idvw vroyh wlphv rq prvw ri wkhlu
sureohpv/ exw idlo wr vroyh vrph lqvwdqfhv1 Rwkhu zrun lqfoxghv Edodnulvkqdq dqg
Zrqj ^4` zkr irfxv rq d vkruwhvw0sdwk ylhz ri wkh sureohp zlwk Odjudqjh pxowlslohuv
ehlqj xvhg wr kdqgoh wkh zrun uhtxluhphqwv frqvwudlqwv1 Urvhqeorrp dqg Jrhuw}hq
^6` dgrsw d gl�huhqw ghfrpsrvlwlrq lq zklfk wkh urvwhu lv frqvwuxfwhg xvlqj lqwhjhu
surjudpplqj wr slhfh wrjhwkhu zhhno| dfwlylw| vhtxhqfhv1 Wkh| irfxv rq ihdvlelolw|/
ljqrulqj urvwhu txdolw| lvvxhv1

6 Lqwhjhu Surjudpplqj Irupxodwlrq
Zh zloo dvvxph wkdw doo urvwhu ohjdolw| dqg txdolw| lvvxhv fdq eh wuhdwhg dw wkh
zrunvwuhwfk ohyho1 Wkdw lv/ dq| vhtxhqfh ri zrunvwuhwfkhv +dvvxplqj wkh zrunvwhwfkhv
duh wkhpvhoyhv ohjdo, lv frqvlghuhg wr eh d ohjdo +sduwldo0, urvwhu/ dqg wkh frvw ri wkh
urvwhu lv jlyhq e| wkh vxp ri wkh zrunvwuhwfkhv lw frqwdlqv1 Wklv dvvxpswlrq doorzv
xv wr ixoo| h{sorlw zrunvwuhwfk ghfrpsrvlwlrq1

Zh suhvhqw d prgho vlplodu wr Odsruwh hw do*v/ exw zloo frqfhqwudwh rq sureohpv
zlwk pdq| pruh zrunvwuhwfk frpelqdwlrqv wkdq vhhq lq suhylrxv zrun1 Lq sduwlfxodu/
zh zlvk rxu prghov wr eh vxlwdeoh iru vxevhtxhqw odwhu zrun rq dgglqj froxpq
jhqhudwlrq wr wkh v|vwhp1



1 2 3 4 x1 x2 x3 x4

M A A B 3 1 1 1 3
Tu A A - 3 1 1 1 3
W B A - 3 1 1 1 3
Th B - A 3 1 1 1 3
F B - A 3 1 1 1 3
Sa - B - 3 1 1 1 3
Su A B - 3 1 1 1 3+1 0
M 1 1 2 1 1 x1 2
Tu 1 1 2 1 1 x2 = 2
W 1 1 1 x3 1
Th 1 1 1 x4 1
F 1 1 1 1
Su 1 1 1 1
M 1 1 1 1
W 1 1 1 1
Th 1 1 1 1
F 1 1 1 1
Sa 1 1 1 1
Su 1 1 1 1
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Iljxuh 4= D zhhno|0f|folf prgho iru wkh f|folf urvwhulqj sureohp1

Zh prwlydwh rxu prgho xvlqj Iljxuh 41 Wkh ohiw wdeoh lq wkh �jxuh vkrzv rxu
h{dpsoh urvwhu vroxwlrq/ zkloh wkh uljkw wdeoh vkrz wklv vroxwlrq zlwklq wkh lqwhjhu
surjudpplqj prgho1 Qrwlfh wkdw wkh zrunvwuhwfkhv duh gh�qhg rq zhhngd|v1 Li zh
frqvlghu wkh zhhngd| fryhudjh/ hdfk zhhngd| dsshduv 6 wlphv lq wkh urvwhu +rqfh lq
hdfk urvwhu olqh,/ dqg vr wkh zrunvwuhwfkhv pxvw froohfwlyho| vshfli| 6 dfwlylwlhv iru
hdfk zhhngd|1 Wkh vroxwlrq vshfl�hv zrunvwuhwfkhv dqg zkhuh wkh| vwduw lq wkh zhhn/
exw qrw krz wkh| vkrxog eh vhtxhqfhg wr irup wkh f|folf urvwhu1 Lq wklv h{dpsoh/
lw lv hdv| wr irup d urvwhu e| vhtxhqflqj wkh zrunvwuhwfkhv lq wkh rughu 4/ 5/ 6/ 71
Wr vhh wklv lq pruh ghwdlo/ zh lqwurgxfh wkh qrwdwlrq [\ wr phdq gd| [ lq olqh \
ri wkh urvwhu1 D vhtxhqfhg vroxwlrq +rqh ri vhyhudo srvvleoh, jlyhv zrunvwuhwfk 4 dv
vshfli|lqj urvwhu gd|v Pr4$Vd4/ zrunvwuhwfk 5 urvwhu gd|v Vx4$Iu5/ zrunvwuhwfk 6
gd|v Vd5$Zh6/ dqg �qdoo| zrunvwuhwfk 7 dv vshfli|lqj gd|v Wk6$Vx61 Wklv ixoo|
vshfl�hv doo 54 gd|v ri wkh urvwhu1

Wklv prgho fdq eh h{suhvvhg pruh irupdoo| dv iroorzv1 Ohw Z eh wkh rughuhg
f|folf vhw ri zhhngd|v= w|slfdoo|Z ' i�c A�c `c A�c 8c 7@c 7�j/zkhuh 7�n� ' � 1
Zh ohw S eh wkh vhw ri doo ohjdo czhhngd|*0gdwhg zrunvwuhwfkhv/ zkhuh d zrunvwuhwfk
lv zhhngd|0gdwhg li wkh vwduwlqj dqg hqglqj zhhngd|v duh vshfl�hg1 Zh gh�qh @ ��� wr
eh wkh qxpehu ri wlphv zrunvwuhwfk R vshfl�hv dq dfwlylw| wkdw rffxuv rq zhhngd|
�1 Qrwh wkdw @ ��� 5 ifc �j iru hdfk zhhngd| � lq d zrunvwuhwfk R ri ohqjwk : gd|v
ru ohvv/ exw zh zloo kdyh @ ��� ' 2 +ru juhdwhu, iru vrph � lq orqjhu zrunvwuhwfkhv1
Lw lv xvhixo wr frqvlghu d vkliw wr eh gh�qhg e| erwk lwv vkliw w|sh dqg wkh zhhngd|
lw rffxuv rq> zh ohw V ghqrwh wkh vhw ri wkhvh vkliwv +zhhngd| vkliw0w|sh sdluv, wkdw
duh uhtxluhg lq wkh urvwhu1 Lq wkh h{dpsoh deryh/ V ' iP0D/ Wx0D/ Z0D/ Wk0D/ I0D/
Vx0D/ P0E/ Z0E/ W0E/ I0E/ Vd0E/ Vx0Ej> qrwh wkdw lq wklv h{dpsoh/ vkliwv Vd0D dqg
Wx0E duh qrw uhtxluhg lq wkh irupxodwlrq1 Ohw K � eh wkh qxpehu ri vwd� uhtxluhg wr
zrun vkliw r 5 V/ hj K ���	� ' 2c K 
��
��� ' � hwf1 Zh ohw u ' � +lq wklv h{dpsoh, eh



wkh qxpehu ri olqhv lq wkh urvwhu1 Zh fdq qrz irupxodwh rxu zhhno|0edvhg f|folf
urvwhulqj sureohp=

ZeFUS= plqlplvh S
����� S� %�

vxemhfw wr S
����� @ ��� %� ' u ; � 5 Z czhhngd| fryhudjh*
S
����� e � � %� ' K � ; r 5 V cvkliw fryhudjh*
%� 5 ifc �c 2c �c ���j ; R 5 S cvkliw fryhudjh*

Wkh ZeFUS prgho lv htxlydohqw wr wkh Odsruwh hw do prgho ^5`1 Krzhyhu/ xqolnh
ZeFUS/ Odsruwh hw do gr qrw lqfoxgh dq| czhhngd| fryhudjh* frqvwudlqwv/ exw lqvwhdg
uhtxluh wkh fruuhfw qxpehu ri gd|v r� wr rffxu rq hdfk zhhngd|1 Odsruwh hw do
dovr lqfoxgh d frqvwudlqw wkdw irufhv wkh pd{lpxp qxpehu ri srvvleoh zhhnhqgv r�
wr eh lqfoxghg lq wkh vroxwlrq1 Wkh czhhnhqgv r�* frqvwudlqw lv qrw sduw ri rxu
vwdqgdug sureohp irupxodwlrq1 Udwkhu wkdq iruflqj wkh qxpehu ri zhhnhqgv r�
wr eh pd{lplvhg/ zh uh hfw wkh ehqh�wv ri kdylqj zhhnhqgv r� lq wkh remhfwlyh
ixqfwlrq1 Rxu hduo| qxphulfdo h{shulphqwv vxjjhvwhg wkdw wklv fkdqjh pdnhv iru d
pruh uhdolvwlf exw kdughu sureohp1

7 Uhprylqj Glvfrqqhfwhg Vxe0F|fohv
Wkh zhhngd|0edvhg irupxodwlrq ZeFUS fdq doorz cglvfrqqhfwhg vxe0f|fohv* wr ds0
shdu lq wkh vroxwlrq1 Iru h{dpsoh/ frqvlghu wkh ihdvleoh vroxwlrq vkrzq lq Iljxuh 51
Wklv vroxwlrq frqwdlqv 8 zrunvwuhwfkhv wkdw qhhg wr eh vhtxhqfhg wr irup d 60zhhn
urvwhu1 Zrunvwuhwfk 4 ghwhuplqhv urvwhu gd|v Pr4$Wk4/ zrunvwuhwfk 5 urvwhu gd|v
I4$Wx5/ dqg zrunvwuhwfk 6 urvwhu gd|v Z5$I51 Krzhyhu/ qhlwkhu zrunvwuhwfk 7
qru 8 doorzv d frqwlqxdwlrq iurp wklv srlqw/ dv qhlwkhu ri wkhvh zrunvwuhwfkhv frp0
phqfhv rq d Prqgd|/ dqg khqfh fdqqrw vwduw rq wkh uhtxluhg qh{w urvwhu gd| P61
Wklv vroxwlrq frqwdlqv 5 glvfrqqhfwhg +lqfrpsdwleoh, f|fohv/ dqg lv dfwxdoo| wzr vhs0
dudwh f|folf cvxe0urvwhuv* +rqh zlwk 5 zhhn*v zruwk ri olqhv/ wkh rwkhu zlwk mxvw rqh,
wkdw wrjhwkhu phhw wkh zrun uhtxluhphqwv1 Vxfk cglvfrqqhfwhg* vroxwlrqv gr qrw
phhw rxu uhtxluhphqwv iru f|folf urvwhuv1

Zkhq dqdo|vlqj vroxwlrqv iru glvfrqqhfwhg vxe0f|fohv/ lw lv xvhixo wr frqvwuxfw d
judsk zkhuh hdfk zhhngd| lv uhsuhvhqwhg e| d qrgh/ dqg zrunvwuhwfkhv duh uhsuh0
vhqwhg e| dufv1 D zrunvwuhwfk ri ohqjwk , vwduwlqj rq zhhngd| � lv uhsuhvhqwhg e|
dq duf wkdw vwduwv rq zhhngd| � dqg �qlvkhv rq zhhngd| � n ,1 Iljxuh 6 vkrzv wkh
judsk uhsuhvhqwdwlrq ri wkh glvfrqqhfwhg vxe0f|foh vroxwlrq ri Iljxuh 51 Zh qrwh
wkdw lw lv qrw srvvleoh wr irup d hxohuldq wrxu rq wklv judsk/ dqg vr wkh vroxwlrq lv
loohjdo dv wkhuh lv qr rughulqj ri wkh zrunvwuhwfkhv wkdw doorzv wkhp wr eh zrunhg lq
vxffhvlrq e| wkh vwd� phpehuv1 Zh revhuyh wkdw f|fohv zlwklq d urvwhu duh qrw lq
wkhpvhoyhv d sureohp1 Wkh gl!fxowlhv rqo| dulvh zkhq wkh f|fohv duh glvfrqqhfwhg
lq wkdw wkh| gr qrw vkduh dq| zrunvwuhwfk vwduw gd|v lq frpprq1 Iljxuh 6 vkrzv d
vhfrqg vroxwlrq zlwk vxe0f|fohv wkdw vkduh d frpprq qrgh/ dqg khqfh jlyh frqqhfwhg
vroxwlrq1 D hxohuldq wrxu fdq eh iruphg rq wklv judsk/ dqg vr wkh zrunvwuhwfkhv fdq



1 2 3 4 5 x1 x2 x3 x4 x5

M A - A 3 1 1 1 3
Tu A - A 3 1 1 1 3
W A A - 3 1 1 1 x1 3
Th - A A 3 1 1 1 x2 3
F A A A 3 1 1 1 x3 = 3
Sa A - - 3 1 1 1 x4 3
Su A - A 3 1 1 1 x5 3+1 0
M 1 1 2 1 1 2
Tu 1 1 2 1 1 2
W 1 1 2 1 1 2
Th 1 1 2 1 1 2
F 1 1 1 3 1 1 1 3
Sa 1 1 1 1
Su 1 1 2 1 1 2
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Iljxuh 5= Dq h{dpsoh vroxwlrq wr ZeFUS wkdw frqwdlqv glvfrqqhfwhg vxe0f|fohv1
Qrwh wkdw wklv h{dpsoh frqwdlqv rqo| d vlqjoh vkliw w|sh dqg gl�huhqw zrun uhtxluh0
phqwv wr wkrvh vkrzq ehiruh1
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Iljxuh 6= Judsk uhsuhvhqwdwlrqv ri vroxwlrqv zlwk vxe0f|fohv wkdw duh glvfrqqhfwhg
+ohiw, dqg frqqhfwhg +uljkw,1 Wkh qrghv lq hdfk judsk duh vkrzq dv krul}rqwdo olqhv1

eh vhtxhqfhg wr irup d ohjdo f|folf urvwhu1 Wklv zloo dozd|v eh srvvleoh li +dqg rqo|
li, wkh vhw ri zhhngd|v rq zklfk zrunvwuhwfkhv vwduw duh cvwurqjo| frqqhfwhg/* l1h1 li
wkhuh lv d sdwk +wkdw uhvshfwv duf gluhfwlrqv, ehwzhhq dq| sdlu ri zrunvwuhwfk0vwduw
zhhngd|v1

Zh zloo vhh lq rxu frpsxwdwlrqdo uhvxowv wkdw glvfrqqhfwhg vxe0f|fohv riwhq dulvh
lq vroxwlrqv wr wklv prgho1 Wr h{sodlq wklv/ zh qrwh wkdw wkh remhfwlyh lpsuryh0
phqw riwhq dvvrfldwhg zlwk zhhnhqgv r� fdq hqfrxudjh wkh suhvhqfh ri vxe0f|fohv lq
rswlpdo vroxwlrqv1

D srvvleoh phwkrg iru wkh uhvroxwlrq ri f|fohv lqZeFUS vroxwlrqv lv wr lqwurgxfh
fxwv � h{wud frqvwudlqwv � wkdw uhpryh lqwhjhu vroxwlrqv li wkh vroxwlrqv duh qrw
frqqhfwhg1 Wklv lv wkh dssurdfk dgrswhg e| Odsruwh hw do1 Zkhqhyhu wkh| �qg dq
lqwhjhu vroxwlrq gxulqj wkhlu eudqfk dqg erxqg surfhvv/ wkh| whvw lw iru glvfrqqhfwhg
vxe0f|fohv1 Li wkh vroxwlrq frqwdlqv wkhvh/ wkhq wkh| dgg d frqvwudlqw +fxw, wr wkh
sureohp dqg frqwlqxh wkhlu eudqfk dqg erxqg surfhvv1 Wkh frqvwudlqw wkh| dgg
uhpryhv rqo| wkh fxuuhqw lqwhjhu vroxwlrq> lq wklv vhqvh/ lw lv wkh zhdnhvw ri doo
srvvleoh fxwv1

Zh qrz frqvlghu d qhz vwudwhj| iru holplqdwlqj vroxwlrqv wkdw frqwdlq glvfrq0
qhfwhg vxe0f|fohv1 Dv lq wkh Odsruwh hw do zrun/ zh zloo xvh eudqfk dqg erxqg wr



�qg lqwhjhu vroxwlrqv/ dqg wkhq whvw wkhvh iru glvfrqqhfwhg vxe0f|fohv1 Li dq lqwhjhu
vroxwlrq frqwdlqv glvfrqqhfwhg vxe0f|fohv/ wkhq zh xvh d frpelqdwlrq ri eudqfkhv
dqg fxwv wr edq wkh vroxwlrq1 Zh prwlydwh rxu vwudwhj| e| h{dplqlqj lq pruh ghwdlo
wkh uhtxluhphqwv iru d vroxwlrq wr eh frqqhfwhg1

Ohw A eh d vhw ri zhhngd|v1 Iru h{dpsoh/ zh pd| kdyh A ' iWx/ Wk/ Vdj1 Qrz/
zh gh�qh wkh vhw 7 ����� wr eh wkh vhw ri doo zrunvwuhwfkhv wkdw fdq eh frpelqhg wr
irup urvwhuv lq zklfk hdfk zrunvwuhwfk vwduwv rq vrph zhhngd| � 5 A 1 Fohduo| wklv
lv wkh vhw ri zrunvwuhwfkhv wkdw vwduw rq d zhhngd| � � 5 A dqg �qlvk rq d zhhngd|
� � G � � n � 5 A 1 Iru rxu h{dpsoh A ' iWx/ Wk/ Vdj/ 7 ����� lv wkh vhw ri doo zrun0
vwuhwfkhv wkdw vwduw rq hlwkhu Wxhvgd|/ Wkxuvgd| ru Vdwxugd|/ dqg �qlvk rq hlwkhu
Prqgd|/ Zhgqhvgd| ru Iulgd|1 Ri wkh zrunvwuhwfkhv vkrzq lq Wdeoh 6/ rqo| wkh wklug
zrunvwuhwfk +cE E E � �*/ Vdwxugd| wr Zhgqhvgd|, ehorqjv wr 7 ������� �! "� #%$%&'�(���)�"� �! �� #%$
& 1

Li zh frqvlghu wkh vroxwlrq wr wkh zhhngd| prgho vkrzq lq Iljxuh 5/ zh qrwh
wkdw wkh vroxwlrq frqwdlqv wzr vxe0f|fohv1 Wkh �uvw kdv vkliwv wkdw vwduw rq hlwkhu
Prqgd|/ Zhgqhvgd| ru Iulgd| dqg �qlvk rq hlwkhu Vxqgd|/ Wxhvgd| ru Wkxuvgd|1
Wkxv/ wkhvh zrunvwuhwfkhv doo ehorqj wr 7 ����� / zkhuh A ' iPr/ Zh/ Iuj> zh vd| wkdw
wkh �uvw vxe0f|foh lv frqwdlqhg zlwklq A ' iPr/ Zh/ Iuj1 Ehfdxvh zh duh lqwhuhvwhg
lq vwulfw sduwlwlrqlqjv ri wkh zhhngd|v ` / lw lv frqyhqlhqw wr frqvlghu wkh vhfrqg
vxe0f|foh wr eh frqwdlqhg zlwklq A * ' iWx/ Wk/ Vd/ Vxj1 Qrwh wkdw zh frxog/ li
zh suhihuuhg/ frqvlghu wkh �uvw f|foh wr eh lq wkh odujhu vhw A ' iPr/ Wx/ Zh/ Iuj/
lq zklfk fdvh zh zrxog frqvlghu wkh vhfrqg vxe0f|foh wr eh lq A * ' iWk/ Vd/ Vxj1
Xqghu hlwkhu fkrlfh ri A / wkh sureohp zlwk wklv vroxwlrq lv wkdw wkh vxe0f|fohv duh
frqwdlqhg zlwklq wkhvh glvmrlqw vhwv ri zhhngd|v> wkh wzr f|fohv kdyh qr zrunvwuhwfk
vwduw gd|v lq frpprq/ dqg vr wkh zrunvwuhwfkhv fdqqrw eh vhtxhqfhg wr irup d f|folf
urvwhu1

Frqvlghu qrz krz zh pljkw fkdqjh wkh vroxwlrq lq Iljxuh 5 vr wkdw wkh zrun0
vwuhwfkhv fdq eh vhtxhqfhg wr irup d frpsohwh urvwhu1 Li wkh vroxwlrq lv wr frqwdlq
zrunvwuhwfkhv iurp erwk 7 ����� dqg 7 ��+,����+ / wkhq lw pxvw qhfhvvdulo| eh prgl�hg wr
dovr frqwdlq vrph zrunvwuhwfk +ru vhtxhqfh ri zrunvwuhwfkhv, wkdw olqnv A dqg A * /
wkdw lv d zrunvwuhwfk +ru zrunvwuhwfk vhtxhqfh, wkdw vwduwv rq vrph zhhngd| � � 5 A
dqg �qlvkhv rq vrph zhhngd| � � G � � n � 5 A * 1 Ixuwkhupruh/ li wkh urvwhu frqwdlqv
vxfk d olqn iurp A lqwr A * / wkhq lw pxvw qhfhvvdulo| dovr frqwdlq d olqn iurp A * edfn
lqwr A 1

Zh gh�qh 7 ��-�� + wr eh wkh vhw ri doo zrunvwuhwfkhv wkdw kdyh d vwduw gd| � � 5 A
dqg dq hqg gd| � � G � � n � 5 A * 1 Wkhvh zrunvwuhwfkhv fdq eh wkrxjkw ri dv ohdylqj
A dqg hqwhulqj A * 1 Vlploduo|/ zh gh�qh 7 ��./� + wr eh wkh vhw ri zrunvwuhwfkhv wkdw
kdyh d vwduw gd| � � 5 A * dqg dq hqg gd| � � G � � n � 5 A > wkhvh zrunvwuhwfkhv hqwhu
A iurp A * 1 Lw lv frqyhqlhqw wr dovr gh�qh 7 ����� + ' 7 ��-/� + ^ 7 ��.�� + 1 Wkh iroorzlqj
uhvxowv duh hdv| wr suryh1
Ohppd 4 Iru dq| A � ` / d zrunvwuhwfk lq 7 �0�/� pxvw eh iroorzhg lq d vroxwlrq
urvwhu e| d zrunvwuhwfk ehorqjlqj wr 7 ���/� ru 7 ��-/� + 1 Vlploduo|/ d zrunvwuhwfk lq
7 � + ��� + pxvw eh iroorzhg e| d zrunvwuhwfk ehorqjlqj wr 7 � + �/� + ru 7 ����� + 1
Wkhruhp 5 D frqqhfwhg vroxwlrq zlwk zrunvwuhwfkhv iurp erwk 7 ���/� dqg 7 � + ��� +
pxvw qhfhvvdulo| frqwdlq dw ohdvw 4 zrunvwuhwfk iurp hdfk ri 7 ��-�� + dqg 7 ��.�� + 1



Ohppd 6 Frqvlghu d +srvvleo| iudfwlrqdo, vroxwlrq  wr ZeFUS1 Iru dq| qrq0
hpsw| A dqg A * / S����1�2�342 + %� '

S
����1�2�542 + %�

Fruroodu| 7 Frqvlghu vrph qrq0hpsw| A � ` dqg lwv qrq0hpsw| frpsohphqw A * 1
Qrz/ dq| f|folf urvwhulqj vroxwlrq zklfk doorzv d vlqjoh f|foh wr eh exlow +l1h1 grhv
qrw frqwdlq glvfrqqhfwhg vxe0f|fohv, pxvw hlwkhu= +fdvh 4, frqwdlq qr zrunvwuhwfkhv
iurp 7 �0��� / ru/ +fdvh 5, frqwdlq qr zrunvwuhwfkhv iurp 7 ��+6����+ ru/ +fdvh 6, frqwdlq
dw ohdvw rqh zrunvwuhwfk iurp hdfk ri 7 ��-�� + dqg 7 ��.�� + 1

Zh fdq xvh wkh deryh uhvxowv wr irup d 60zd| eudqfk wkdw fdq eh xvhg wr uh0
pryh glvfrqqhfwhg vxef|fohv iurp vroxwlrqv1 Dvvxph zh kdyh d vroxwlrq zlwk zrun0
vwuhwfkhv wkdw fuhdwh +dw ohdvw, wzr glvfrqqhfwhg vxef|fohv wkdw fdq eh frqwdlqhg
zlwklq wkh wzr qrq0hpsw| vhwv A � ` dqg lwv frpsohphqw A * � ` uhvshfwlyho|1
Zh fdq irup wkuhh vxe0sureohpv e| hlwkhu +4, edqqlqj doo froxpqv ehorqjlqj wr
7 ���/� / ru +5, edqqlqj doo froxpqv ehorqjlqj wr 7 � + ��� + / ru +6, iruflqj dw ohdvw rqh
froxpq iurp 7 �0-/� + +ru 7 ��./� + , wr dsshdu lq wkh vroxwlrq1 Wklv jlyhv d 60zd| eudqfk>
zh whup wkh wkuhh eudqfkhv ^EdqW`/ ^EdqW * `/ dqg ^Mrlq` uhvshfwlyho|1 Vxe0sureohpv
+4, ^EdqW` dqg +5, ^EdqW* ` fdq eh iruphg e| uhgxflqj wkh xsshu erxqgv rq wkh
ghohwhg froxpqv wr }hur/ zkloh vxe0sureohp +6, ^Mrlq` uhtxluhv wkh dgglwlrq ri dq
h{wud frqvwudlqw uhtxlulqj S

����1�2�342 + %� � �1 Fohduo| wkh ruljlqdo vroxwlrq zloo eh
lqihdvleoh iru hdfk ri wkhvh vxe0sureohpv1 Qrwh/ krzhyhu/ wkdw wkhvh eudqfkhv gr qrw
sduwlwlrq wkh vroxwlrqv> wkh vdph vroxwlrq pd| dsshdu xqghu vhyhudo eudqfkhv1

Qrwh wkdw wklv qhz vwudwhj| gh�qhv froxpq edqv dqg urz fxwv lq whupv ri ihdwxuhv
ri wkh zrunvwuhwfk froxpqv1 Wkhuhiruh/ lw lv hdv| wr uhvshfw wkh eudqfkhv dqg fxwv
zlwklq d froxpq jhqhudwru1 Wklv zdv qrw wkh fdvh zlwk wkh fxw ri Odsruwh hw do zkhuh
wkh sduwlflsdwlrq ri d froxpq lq d fxw ghshqgv qrw rq wkh ihdwxuhv ri wkh froxpq exw
lqvwhdg rq wkh vhtxhqfh ri lqwhjhu vroxwlrqv irxqg vr idu lq wkh eudqfk dqg erxqg
surfhvv1 Zh qrz kdyh d qhz dssurdfk wkdw lv cjhqhudwru iulhqgo|*/ dqg vr zh fdq/
lq wkh ixwxuh/ ghyhors froxpq jhqhudwlrq vwudwhjlhv iru wdfnolqj pxfk pruh frpsoh{
sureohpv1

8 Djjuhjdwh Ihdwxuh Eudqfklqj
Iru wkhvh f|folf urvwhulqj sureohpv/ zh zloo vkrz wkurxjk qxphulfdo h{shulphqwv wkdw
lw lv xvhixo wr eudqfk rq djjuhjdwh ihdwxuhv wkdw duh qrw frxqwhg h{solflwo| lq wkh
prgho1 Wkh djjuhjdwh ihdwxuhv wkdw zh kdyh lghqwl�hg dv xvhixo duh= +4, wkh qxpehu
ri zrunvwuhwfkhv lq wkh vroxwlrq/ +5, wkh wkh qxpehu ri ixoo zhhnhqgv +Vdw dqg Vxq,
r� lq wkh vroxwlrq/ dqg +6, wkh qxpehu ri zrunvwuhwfkhv ehjlqqlqj rq hdfk zhhngd|1
Zh dgg < cdjjuhjdwh ihdwxuhv* ghflvlrq yduldeohv +qxpehu ri zrunvwuhwfkhv/ qxpehu
ri zhhnhqgv/ qxpehu ri vwduwv rq Prq/ qxpehu ri vwduwv rq Wxhv/ 111/ qxpehu ri vwduwv
rq Vxq, wr wkh prgho/ dorqj zlwk < frqvwudlqwv wkdw olqn wkh ydoxhv ri wkhvh yduldeohv
wr wkh vxp ri wkh dssursuldwh zrunvwuhwfk ihdwxuhv1 Iru h{dpsoh/ wkh zrunvwuhwfk
vxppdwlrq frqvwudlqw lv jlyhq e| S

���7� %� �% �08:9'; �=< 9'> <@?BA > � ' f zkhuh dv ehiruh/ S lv wkh
vhw ri zrunvwuhwfkhv/ dqg %� jlyhv wkh qxpehu ri wlphv zrunvwuhwfk R rffxuv lq wkh
vroxwlrq1 Wkh zhhnhqgv0r� vxppdwlrq frqvwudlqw lv jlyhq e| S
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zkhuh �̂ ' � li zrunvwuhwfk R frqwdlqv d frpsohwh zhhnhqg r�/ dqg 3 rwkhuzlvh1 Wkh
zhhngd|0vwduw yduldeohv dqg dvvrfldwhg frqvwudlqwv duh ri wkh vdph irup1 Fohduo|/
hdfk ri wkhvh qhz yduldeohv pxvw eh lqwhjhu lq dq| ihdvleoh vroxwlrq1 Khqfh/ vwdqgdug
yduldeoh eudqfklqj fdq eh dssolhg wr wkhvh yduldeohv1 Wkhvh eudqfkhv h�hfwlyho| dsso|
orfdo fxwv wr wkh vroxwlrq1 Zh zloo vhh lq wkh qxphulfdo uhvxowv vhfwlrq wkdw wkh xvh ri
djjuhjdwh ihdwxuh eudqfklqj dsshduv wr lpsuryh vroxwlrq wlphv iru pdq| sureohpv1

Dv zlwk wkh eudqfkhv dqg fxwv suhvhqwhg lq wkh odvw vhfwlrq/ zh qrwh wkdw wkh
frh!flhqwv lq wkh qhz djjuhjdwh ihdwxuh frqvwudlqwv duh gh�qhg lq whupv ri ihdwxuhv
ri wkh zrunvwuhwfk froxpqv1 Wkhuhiruh/ lw lv hdv| wr lqfrusrudwh wkhvh qhz frqvwudlqwv
zlwklq d froxpq jhqhudwru1

9 Qxphulfdo Uhvxowv
D udqjh ri h{shulphqwv zhuh shuiruphg lq zklfk ydulrxv f|folf urvwhulqj sureohpv
zhuh vroyhg xvlqj wkh ZeFUS prgho erwk zlwk dqg zlwkrxw rxu qhz eudqfklqj
vwudwhj|1 Doo uxqv zhuh shuiruphg rq d 733 PK} Shqwlxp LL pdfklqh zlwk 45;
Phjde|whv ri UDP uxqqlqjZlqgrzv QW1 Wkh vroyhu zdv FSOH[ 918 xvlqj cEE..*/
d fxvwrplvhg F.. eudqfk dqg erxqg hqjlqh ghyhorshg e| wkh dxwkru1 Yduldeoh
eudqfklqj zdv xvhg lq doo sureohp uxqv1

Uhvxowv iru d udqjh ri sureohpv vroyhg xvlqj ZeFUS duh jlyhq lq Iljxuh 71 Wkh
sureohpv duh vlplodu wr wkrvh frqvlghuhg e| Odsruwh hw do1 Krzhyhu/ dv h{dfw gdwd
lv qrw dydlodeoh iru wkhvh sureohpv +Odsruwh/ shuvrqdo frppxqlfdwlrq/ 4<<<,/ wkh|
kdyh ehhq cuhfrqvwuxfwhg* iurp vxppdu| gdwd surylghg e| Odsruwh hw do lq wkhlu
sdshu1

Iluvw/ zh qrwh wkdw uhvxowv duh qrw vkrzq iru irxu ri wkh sureohpv zh frqvlghuhg
dv wkh OS vroxwlrqv iru wkhvh sureohpv zhuh qdwxudoo| lqwhjhu dqg frqqhfwhg1 Iru
wkh uhpdlqlqj sureohpv/ zh vhh wkdw zkhuh wkh sureohp lv ckdug*/ wkh cEF.* vhwwlqj
fkrlfh � rxu qhz eudqfk dqg fxw dssurdfk frpelqhg zlwk djjuhjdwh ihdwxuh eudqfk0
lqj � dsshduv wr eh wkh ehvw1 Lqghhg/ wklv dssurdfk lv 633 wlphv idvwhu iru rqh ri wkh
sureohpv1 Iru rqh sureohp d voljkw zruvhqlqj ri shuirupdqfh lv revhuyhg xvlqj wkh
qhz dssurdfk1 Krzhyhu/ wklv lv plqru zkhq frpsduhg zlwk wkh ehqh�wv surylghg
rq wkh kdug sureohpv1

: Frqfoxvlrqv
Zh kdyh surylghg d eulhi vxuyh| ri h{lvwlqj dqg qhz prghov iru wkh f|folf urvwhulqj
sureohp1 Zh kdyh ghyhorshg d qhz eudqfk dqg fxw vfkhph wkdw lv xqxvxdo lq xvlqj d
60zd| eudqfk lqvwhdg ri wkh xvxdo elqdu| eudqfklqj vwudwhjlhv1 Zh kdyh dovr gh�qhg
djjuhjdwh yduldeohv eudqfkhv iru wklv sureohp dqg vkrzq wkdw zkhq frpelqhg zlwk
rxu qhz eudqfk dqg fxw vfkhph/ elj lpsuryhphqwv lq vroxwlrq wlphv duh rewdlqhg
iru d qxpehu ri vwdqgdug sureohpv1 Zh duh wkxv deoh wr uhfrpphqghg wkdw wklv qhz
dssurdfk eh dgrswhg iru ixwxuh zrun lq f|folf urvwhulqj1 Lq sduwlfxodu/ zh kdyh odlg
wkh irxqgdwlrqv iru wkh ghyhorsphqw ri d froxpq jhqhudwlrq vroxwlrq dssurdfk iru
wklv sureohp1



P
ro

b

Ti
m

e

B
es

tS
ol

n

B
es

tS
ol

nT
im

e

O
pt

im
al

?

N
od

es

S
til

lL
iv

eN
od

es

In
tS

ol
ns

O
pt

In
tS

ol
ns

N
od

es
B

ou
nd

ed

In
fe

as
ib

le
N

od
es

To
l

V
ar

B
ra

nc
he

s

A
gg

V
ar

B
ra

nc
he

s

C
ut

s

V
ar

B
an

s

PA_Lap 0.03 400 0.03 Optimal 5 1 1 2 1 4
PA_Lap+ 0.02 400 0.02 Optimal 5 1 1 2 1 4
PA_BC 0.03 400 0.03 Optimal 5 1 1 2 1 4
PA_BC+ 0.03 400 0.03 Optimal 5 1 1 2 1 4
PD_Lap 36.04 370 36.04 Optimal 2961 5 1 678 550 1 2464 496
PD_Lap+ 36.41 370 36.41 Optimal 1752 6 1 307 354 1 1248 84 419
PD_BC 0.29 370 0.29 Optimal 57 2 1 21 8 1 44 4 8
PD_BC+ 0.12 370 0.12 Optimal 25 2 1 9 3 1 14 4 2 4
PE_Lap 2.71 640 1.65 Optimal 262 2 1 125 4 1 260 1
PE_Lap+ 5.53 640 5.53 Optimal 587 1 1 293 1 564 22
PE_BC 3.06 640 1.92 Optimal 280 2 1 136 3 1 276 1 2
PE_BC+ 5.47 640 5.47 Optimal 587 1 1 293 1 564 22
PL1_Lap 0.01 10 0.01 Optimal 5 1 1 2 1 4
PL1_Lap+ 0.02 10 0.02 Optimal 9 1 1 4 1 8
PL1_BC 0.01 10 0.01 Optimal 5 1 1 2 1 4
PL1_BC+ 0.02 10 0.02 Optimal 9 1 1 4 1 8
PB_Lap 466.82 190 123.08 Optimal 11830 9 1 5098 582 1 11376 453
PB_Lap+ 3600.12 200 262.51 SubOpt 20972 27 2 1 5435 3697 1 16190 2130 2651
PB_BC 974.31 190 821.59 Optimal 26478 6 1 11765 1471 1 26462 5 10
PB_BC+ 73.34 190 73.08 Optimal 1494 7 1 329 416 1 1400 66 9 18
Key:

Prob Problem & solution method:
Lap=Laporte cuts, BC=new branch/cut,+=aggregate branching

Time Time to solve Branch and Bound (seconds). LP solve times are negligible.
BestSoln Objective value of best solution found

BestSolnTime Time (s) to find the best solution
Optimal? Is the solution proven optimal, or was the branch and bound terminated early?

Nodes Number of nodes in the branch and bound tree
StillLiveNodes Number of nodes not yet fathomed

IntSolns The number of connected integer solutions founds
OptIntSolns The number of optimal connected integer solutions founds

NodesBounded The number of nodes in the tree bounded by a better objective
InfeasibleNodes The number of nodes that were infeasible

Tol The bounding tolerance (1% for all problems)
VarBranches The number of nodes formed by variable branching on workstretch variables

AggVarBranches The number of nodes formed by variable branching on aggregate feature variables
Cuts The number of cuts added in the tree (either Laporte cuts or our new cut)

VarBans The number of nodes formed by banning variables in either ST or ST’

Iljxuh 7= Uhvxowv iru d udqjh ri whvw sureohpv1

Uhihuhqfhv
^4` Qdjudm Edodnulvkqdq dqg Ulfkdug W1 Zrqj1 D qhwzrun prgho iru wkh urwdwlqj

zrunirufh vfkhgxolqj sureohp1 Qhwzrunv/ 53=58�75/ 4<<31
^5` Jloehuw Odsruwh/ \yhv Qrehuw/ dqg Mhdq Elurq1 Urwdwlqj vfkhgxohv1 Hxurshdq

Mrxuqdo ri Rshudwlrqdo Uhvhdufk/ 7=57�63/ 4<;31
^6` H1 V1 Urvhqeorrp dqg Q1I1 Jrhuw}hq1 F|folf qxuvh vfkhgxolqj1 Hxurshdq Mrxuqdo

ri Rshudwlrqdo Uhvhdufk/ 64=4<�56/ 4<;:1


