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Abstract
We address the problem of selecting portfolios that are optimal among al those portfolios that

comprise a most a pre-specified number, k, of securities. We consider two criteria
maximizing the ratio of the average excess return to the standard deviation; and maximizing
the correlation with a specified market-index. Under standard assumptions of the behaviour
of stock returns, we develop procedures that are of polynomia complexity and that require
minimal data.

1 Introduction

One basic implication of modern portfolio theory is that investors hold well-diversified
portfolios. However, there is empirical evidence that individual investors typically hold only
a smal number of securities. Blume, Crockett, and Friend [7] found that only 11% of
individual U.S. investors held more than ten stocks. Conine, Jensen, and Tamarkin [9,
footnote 2, pp. 1004-1005] cite severa studies that provide empirical evidence that the
magjority of individual investors in the U.S. hold highly undiversified portfolios. Bark [5]
states that one reason for the inadequacy of the Sharpe-Lintner-Mossin capital asset pricing



model in the Korean stock market is that the portfolios of Korean investors are aso highly
undiversified.

The absence of diversification has also been observed with regard to index-tracking
portfolios. Rudd [26] provides evidence which indicates that the majority of American index
funds do not actually hold al the stocks in the chosen index - some of them hold aslittle as 35
stocks to match the 500-stock S& P 500 index.

Market imperfections such as fixed transaction costs provide one explanation for the
prevaence of undiversified portfolios. Indirect transaction costs, such as the cost of analyzing
securities, also militate against diversification; a small investor who chooses to invest in only
alimited number of securities can devote more attention to the individual behavior of those
securities and their mean-variance characteristics. Moreover, there is evidence [16, 18, 19]
that diversification beyond 8-10 securities may not be worthwhile provided these securities
are chosen not randomly but through a systematic, optimum-seeking procedure. Citing Szego
[30], Sengupta and Sfeir [27] observe that it may be superfluous to enlarge the number of
securities in a portfolio beyond a limit because the variance-covariance matrix of the returns
on the securitiesin aportfolio that has alarge number of securities tends to conceal significant
singularities or near-singularities.

2 Problem Definition

We consider two related problems in optimal portfolio selection. The first, referred to as P1,
isto find portfolios that are mean-variance efficient and that comprise at most a pre-specified
number of securities. The second problem, referred to as P2, is to find portfolios that
optimally track a specified market-index among al those portfolios that contain at most a pre-
specified number of securities and whose average returns equal the average return on the
index. We determine the efficiency of tracking by measuring the correlation coefficient
between the returns on the chosen market index and the returns of the market-tracking
portfolio.

3 Existing Algorithmsfor P1 and P2 and Variants T her eof

Mao [22] and Jacob [19] formally address P1 but develop their selection procedures under
somewhat restrictive assumptions and rather high degrees of approximation. For instance,
to compute the number of securities that optimally trades-off diversification against (fixed)
transaction costs, Mao assumes that both the average excess return over the riskless rate and
the standard deviation of the return are the same for al the securitiesin the portfolio. Further,
for sdlecting the best portfolio among those that comprise a pre-specified number of
securities, he assumes that for al of these portfolios, the nonsystematic risk isfully diversified



away. Jacob assumes that the weights for the securitiesin the investor’s portfolio are al equal
to each other. She also linearizes portfolio risk in terms of the weights.

For the problem of determining mean-variance efficient portfolios under the single-index
model [28] of security returns and an upper limit on the number of stocks, Faadand [17]
develops an agorithm based on integer programming, which is bettered by the implicit
enumeration algorithm of Blog et a. [6]. Cooper and Farhangian [11] develop a dynamic
programming approach for an extension of this problem that incorporates fixed costs of
transaction.

Assuming that the capital asset pricing model [21, 24, 29] holds, Brennan [8] presents an
algorithm for determining the optimal number of securities under fixed transaction costs.
However, the validity of that assumption in the presence of fixed transaction costs has been
questioned [25]. Patel and Subrahmanyam [25] develop an efficient agorithm for the
problem under the assumption that the correlation coefficient is the same for al pairs of
securities [12, pp. 168-169]. Anga, Chandra, and Gunay [4] show how the average pairwise
correlation coefficient can be efficiently estimated using a portfolio approach.

We are not aware of more recent algorithms for P1 or any of its variants. Nevertheless,
simple ranking procedures akin to the well-known EGP agorithms[13, 14, 15] continue to be
developed for selecting mean-variance efficient portfolios in other contexts such as restricted
short-selling [2, 3] and institutional norms for short-selling [20].

Procedures for P2 or variants thereof have been propounded by Adcock and Meade [1],
Connor and Leland [10], Meade and Salkin [23], and Rudd [26] among others; however, they
use optimization only to the extent of determining the portfolio weights for a pre-selected set
of securities. Thus, for instance, in one of their procedures, Meade and Salkin [23] randomly
sample a small number of stocks, and then use quadratic programming to determine the
optimal portfolio weights.

4 TheResults

To formally present the problems and algorithms, we employ the following notation.

n:  Thenumber of securitiesin the universe.
The set of securitiesin the universe; thus, N ={1,...,n}.
ki A pre-specified upper limit on the number of securitiesin the portfolio (1 < k < n).
Xi:  Theweght of securityi,i=1,...,n.
R:  Therateof return on the riskless asset.
Ri:  The expected rate of return on security i, i = 1,...,n.
s:  Thestandard deviation of the rate of return on security i, i = 1,...,n.



bi: Theratio of the average excess return to the standard deviation of security i, i =1,...,n;
thus, b = (R - R)/s.

p: An estimate of the average correlation coefficient of any pair of security returns (we
assume that p is non-negative). The assumption of non-negativity for p would appear
to be very mild because a negative value of p would imply that the variance of an
equally-weighted portfolio with, say, m securities, is negative for sufficiently large
values of m (see, for instance, [12, p. 60]).

4.1 Problem P1
Under the assumption of constant pairwise correlations, P1 may be formulated as:
S (R-R)x
Maximize - =1 —
2,2
§X +p SS;% X
J S tp S 3 asx
j#i
such that

at most k of {x;: i = 1,...,n} arenon-zero, and
if short-selling is disallowed, then x; = 0 fori =1,...,n.

In the maximand, the numerator is the excess return on the portfolio while the
denominator is the standard deviation of the return on the portfolio; by varying the riskless
rate of return, R, we can generate the mean-variance-efficient frontier. We assume that for
any given value of R, the n stocks in the universe are numbered in descending order of {by: i
=1,...,n}.

If short-selling is allowed, then the set of stocks to select is of the form {1,...,t, n-k+t+1,
..., N}, where 0 <t < k. Thus, the correct algorithm is to evaluate the k+1 portfolios and
choose the best among them.

If short-selling is not allowed, then the correct algorithm is, quite ssmply, to execute the
well-known EGP ranking algorithm until k securities are included. We also establish that
the optimal objective value of the above problem increases with k, but at a decreasing rate;
in other words, the marginal benefit from diversification decreases with the number of
stocksin the portfolio.

4.2 Problem P2

The problem, P2, isto find a portfolio:
(i) which uses at most k securities from the universe of n stocks,
(i)  whose expected return equals that on the given market-index; and



(iii)  whose return has the greatest correlation with that on the index, among all portfolios
that satisfy conditions (i) and (ii).

For formalizing the problem and presenting the results, we introduce some additional
notation:
Xi:  Theinvestment (not the weight) in security i.
1.  Thecorrelation of the return on security i with that on the market-index.
S Thestandard deviation of portfolio return.

Assuming the presence of ariskless asset, P2 can be transformed to:

Min (s,)® such that
at most k from among { X;: i = 1,...,n} are non-zero, and
if short-selling is disallowed, al of {X;: i =1,...,n} are non-negative.

We assume that stocks are numbered in descending order of correlation with the index.

Under the single-index model of stock returns, the correct algorithm is to pick stocksin
descending order of correlation (if short-selling is alowed, we use the absolute values of
the correlations) until the limit, k, is reached. We can readily establish that regardless of
whether or not short-selling is allowed, the benefit from diversification decreases with the
pre-specified upper limit on the number of stocksin the portfolio.

Under the assumption of constant pairwise correlations, the following results apply.

(@) If short-selling is allowed, then the set of stocks to select is of the form {1,...,t, n-
k+t+1, ..., n}, where 0 < t < k. Thus, the correct agorithm is to evaluate the k+1
portfolios and choose the best among them.

(b) If short-selling is disallowed, the correct procedure is to execute the EGP agorithm (on
{m:i=1,...,n} rather than{b;: i = 1,...,n}) until k securities are included. In this case,
we can establish that diversification yields diminishing returns (no pun intended).

A potentia problem in applying the above procedures is that under constant pairwise
correlations, the estimated (n+1)x(n+1l) variance-covariance matrix (involving the n
securities and the market-index) may not be positive definite.

5 Summary of Findings

We have presented agorithms for selecting "small’ portfolios (namely, those that contain at
most a pre-specified number of securities) under two different objective criteria. The first is
to maximize the ratio of excess return to standard deviation (and thereby, generate the mean-
variance-efficient frontier), while the second is to maximize the correlation with a given
market-index — the corresponding problems are referred to as P1 and P2 respectively.



Under the assumption of constant pairwise correlations, exact and efficient (polynomial)
procedures exist for both P1 and P2 regardless of whether or not short-selling is alowed.
Further, P2 can aso be efficiently solved under the single-index model of stock returns for
both the cases (i.e., short-selling allowed and short-selling disallowed).

It is important to emphasize that the requirements in terms of both data and computing
power are minimal for the algorithms presented herein. Moreover, empirica results on data
from the Korean stock exchange suggest that the optimal portfolio weights are neither too
large nor too small.

Future research could explore problems P1 and P2 under more general correlation
structures. Under the single-index assumption, P1 is NP-hard; thus, the single-index case
might need enumeration. At least in the case when short-selling is disallowed, both lower
and upper bounds on the optimal objective value of any node in the enumeration tree can be
obtained through the results of the paper.
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